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Abstract 

(N 

^ We study moduli spaces of a class of three dimensional M — ^ gauge theories which are 

O in one-to-one correspondence with a certain set of ordered pairs of integer partitions. It was 

\Q found that these theories can be realised on brane intervals in Type IIB string theory and 

^ can therefore be described using linear quiver diagrams. Mirror symmetry was known to 

^ act on such a theory by exchanging the partitions in the corresponding ordered pair, and 

1 — I hence the quiver diagram of the mirror theory can be written down in a straightforward way. 

>• The infrared Coulomb branch of each theory can be studied using moment map equations 

^ for a hyperKahler quotient of the Higgs branch of the mirror theory. We focus on three 

^ infinite subclasses of these singular hyperKahler spaces which are complete intersections. 

The Hilbert series of these spaces are computed in order to count generators and relations, 
and they turn out to be related to the corresponding partitions of the theories. For each 
theory, we explicitly discuss the generators of such a space and relations they satisfy in 
detail. These relations are precisely the defining equations of the corresponding complete 
intersection space. 
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1 Introduction 

An infinite class of three dimensional gauge theories with Af = A supersymmetry was recently 
proposed by Gaiotto and Witten [T]|^ It was found that these theories can be realised in 
Type JIB string theory using brane configurations discussed in [3] , and hence can naturally 

^Aspects of this class of theories are also discussed in [2]. 



1 



be described by linear quiver diagrams. In this paper, we restrict ourselves to theories whose 
quiver diagrams contain only unitary groups. Such a class of theories has several interesting 
features [1] (see also, e.g., [H El El |7l |8]) Three of the remarkable properties are as follows. 

1. When realised on brane intervals proposed in each theory is naturally in one-to- 
one correspondence with a certain ordered pair (a, p) of partitions of an integer N . 
This theory is referred to in the literature as T'^p{SU{N)). The brane construction 
and a certain condition that is statisfied by a and p are discussed in [H El E]- We shall 
briefly summarise these known results in the next section. 

2. Each of these theories has a non-trivial fixed point in the low energy limit |T]. 

3. As conjectured by mirror symmetry [H], at the fixed point the theory possesses a dual 
description (which is known as the mirror theory). Mirror symmetry exchanges the 
Higgs branch of the original theory with the infrared Coulomb branch of the mirror 
theory and vice- versa. Given a theory in this class, the mirror theory also belongs to 
the same class. In particular, the mirror symmetry acts on each theory by exchanging 
the partitions in the corresponding ordered pair. In other words, the mirror theory of 
T^^iSUiN))is T^^iSUiN)). 

In this paper, we focus on certain infinite subclasses of theories whose infrared Coulomb 
branched are complete intersection singular hyperKahler cones. By a complete intersec- 
tion, we mean an algebraic variety which has a finite number of generators subject to a 
finite number of relations such that the dimension of the variety is equal to the number of 
generators minus the number of relations. In particular, these subclasses are as follows. 

1. The (1) - (2) (n - 1) - [n] theory, 

2. The (1) — (2) — • • • — (m — 1) — (m) — [n] theory (with n > m), 

3. The (k) — (2k) — • ■ • — (nk ~ k) — [nk] theory. 

The shorthand notation above deserves some explanations. The round brackets (m) denote 
U{m) gauge symmetry; this corresponds to a circular node in the quiver diagram. On the 
other hand, the square brackets [n] denote U{n) global symmetry; this corresponds to a 
square node in the quiver diagram. Finally, a dash denotes the bi-fundamental hypermulti- 
plets. We shall use this shorthand notation throughout the paper. 

Let us mention some aspects of geometry which are of our concerns. Assuming mirror 
symmetry, we take the Coulomb branch of a theory to be equal to the Higgs branch of 
the mirror theory. (We emphasise that this is not a test of mirror symmetry, but rather 
a use of it as a working assumption.) Since the metric of the latter does not get any 
quantum correction, the hyperKahler quotient is directly given by the solutions of moment 

^For brevity, we shall refer to the 'infrared Coulomb branch' simply as the 'Coulomb branch'. 
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map equations {i.e. the F and D term^ of such a Higgs branch quotiented by the gauge 
symmetries. Such spaces which are complete intersections constitute an interesting class 
of hyperKahler geometry for the reason that there are finite number of relations between 
the generators and in many cases they can be written down explicitly. These relations are 
precisely the defining equations of the corresponding algebraic varieties. 

In fact, complete intersection moduli spaces are rather commonplace in gauge theory 
and string theory literature. We list certain well-known examples below. 

• The orbifolds C^/F, where F are discrete ADE subgroups of SU{2) pil| [TT]. 

• The moduli space of 1 SU{2) instanton on M^. This space is in fact x C^/Z2 (see 
e.g. tl2j). 

• The moduli spaces of tri-vertex theories with one or two external legs and arbitrary 
genus. In particular, for a theory with genus g and one external leg, the moduli space 
is fTS]. 

• The conifold [TD], the cone over del Fezzo surfaces dPn with n > 4 [TU], the cone over 
suspended pinch point, SFF or L^^^ (see the defining equation in [H]). We emphasise 
that the constructions of these spaces involve Kahler quotients, but not hyperKahler 
ones. 

• The moduli spaces of 4d A/" = 1 supersymmetric QCD with SU{Nc) gauge group and 
Nc flavours [El US], SU{Nc) gauge group with 1 flavour and 1 adjoint chiral multiplet 
[T7] . SO{Nc) gauge group and Nc flavours [18], Sp{Nc) gauge group with Nc + I 
flavours [18j. Note that the constructions of these spaces involve Kahler quotients, 
but not hyperKahler ones. 

In order to study the moduli space of a given gauge theory, we compute a partition 
function which counts the number of chiral operators on such a space. This partition 
function is known as the Hilbert series. For a complete intersection, the Hilbert series 
takes a special form from which the number of generators and relations can be read off 
immediately. It therefore also provides an immediate check whether or not the space is a 
complete intersection. In this paper, the Hilbert series of the Coulomb branch are calculated 
from the Higgs branch of the mirror theory. Hence, the relevant computations can be done 
in a similar fashion to those discussed in fTIi [TB] . 

The plan of the subsequent parts of the paper is as follows. In Section |2| we summarise 
the brane constructions of the T'^p{SU{N)) theories and stating the consistency condition 
that needs to be satisfied by the partition a and p. In the following Sections [3] and [4], we 
discuss the aforementioned infinite subclasses of theories in detail. We analyse a number of 

^The i?-symmetry of the theory is 5'0(4) = SU{2)c x SU{2)h, where S'C/(2)c acts on the Coulomb 
branch and SU{2)h acts on the Higgs branch. The moment map equations, which consist of F and D 
terms, transform as triplets under SU{2)h- 
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examples in each subclass in the following order: A brane construction, dimensions of the 
Higgs and Coulomb branches, the mirror theory, the Hilbert series of the Coulomb branch, 
and the generators and relations. Derivations of various relations are given in Appendix |Bj 
Let us now discuss the brane configurations of such theories. 

2 Brane constructions of the T^p{SU{N)) theories 

In this section, we give a summary on the brane configurations of the T'^p{SU{N)) theories. 
We also refer the reader to the original paper [1] and the papers [5l [6] which give extensive 
reviews on this topic. 

We start our discussion by considering supersymmetric configurations proposed in [3]. 
There are three types of branes such that their worldvolumes span the following directions. 

• D3-branes with worldvolume spanned by 

• D5-branes with worldvolume spanned by together with 

• NS5-branes with worldvolume spanned by X""^, together with x^, x®, x^ , 

The D3-branes end on 5-branes in such a way that the worldvolume in the x^ direction is 
finite. We focus on dynamics of a gauge theory living on the D3-branes, and so macro- 
scopically the theory is (2 + 1) dimensional. Since such brane configurations preserve 8 
supercharges, the concerned gauge theory possesses M = 4 supersymmetry. 

Assume for simplicity that the Fayet-Iliopoulos parameters and the mass terms are 
set to zero. A D3-brane can be stretched between two NS5-branes, or two D5-branes, or 
one NS5-brane and one D5-brane. In the first case, the moduli in the positions of a D3- 
brane in the 7 — 8 — 9 directions, together with the dual photon, parametrise the Coulomb 
branch. In the second case, the moduli in the positions of a D3-brane in the 4 — 5 — 6 
directions, together with the scalar coming from the component of the gauge field in the 
finite x^-direction, parametrise the Higgs branch. In the third case, there is no moduli in the 
D3-brane transverse directions. Moreover, for a supersymmetric configuration, the number 
of D3-branes connecting a D5-brane with an NS5-brane is either zero or one [3] . 

Let us define a net number of D3-branes ending on a 5-brane to be the number of D3- 
branes ending on it from the right minus the number ending on it from the left. Define also 
the linking number of an NS5-brane as the total number of D5-branes to the left plus the net 
number of D3-branes ending on this NS5-brane, and define the linking number of a D5-brane 
as the total number of NS5-branes to the right minus the net number of D3-branes ending 
on this NS5-brane|^ As discussed in |3], the linking number of a 5-brane is the D3-brane 
charge measured at infinity on that 5-brane, and it must be invariant under various brane 
manipulations. An important consequence of this statement is that whenever a D5-brane 
and an NS5-brane pass through each other, a D3-brane is created or annihilated |3]. 

^These definitions are according to [B]. They differ from that in [3^ by unimportant signs and shifts. 
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We take the brane ordering to be such that for the NS5-branes the hnking numbers 
are non-decreasing from left to right, and for the D5-branes the hnking numbers are non- 
decreasing from right to left. Examples of these configurations are depicted in Figure 12 



and Figure 28 Such a brane ordering implies that for any U {ric) gauge node in the quiver 



diagram, the total rank Uf of the nodes directly connected to this U (ric) node satisfies the 
condition [1]: 



(2.1) 



this condition guarantee that the quiver gauge theory has a superconformal fixed point. 

Note that when all D5-branes are moved to the right of all NS5-branes, e.g. diagrams 
(c) of Figure 12 and Figure 28 The linking numbers for an NS5-brane and a D5-brane 



are respectively the net number and minus the net number of D3-branes ending on such 
a 5-brane. Therefore computations involving linking numbers most easily done once all 
D5-branes are moved to the right of all NS5-branes. 



Partitions of an integer. Let us denote by the sum of the linking numbers of all 
D5-branes (which is equal to that of all NS5-branes). For our previous examples, = 5 in 



Figure 12 and = 6 in Figure 28 Such a construction naturally corresponds to an ordered 
pair of partitions {a, p) of according to the following rules. 

• The partition a corresponds to a collection of the linking numbers of each D5-brane 
reading from the left to right. 

• The partition p corresponds to a collection of the linking numbers of each NS5-brane 
reading from the right to left. 

When all D5-branes are moved to the right of all NS5-branes, the number A^ is simply the 
total D3-brane segments connecting a collection of NS5-branes on the left with a collection 
of D5-branes on the right. The partitions a and p are the collections of net numbers of 
D3-branes ending on each D5-brane and NS5-brane respectively. 

In our examples, a = (1, 1, 1, 1, 1) and p = (2, 1, 1, 1) in Figure 12 and cr = (1, 1, 1, 1, 1, 1) 
and p = (2, 2, 2) in Figure [28j Each partition can also be written in terms of Young diagram 
such that the number in the i-th slot is equal to the number of boxes in the i-th row (reading 



from top to bottom), e.g., for Figure 12 



a=(l,l,l,l,l) = b, p=(2,l,l,l) = 
Observe that 

• The total number of rows in the partition a is the number of D5-branes. 

• The total number of rows in the partition p is the number of NS5-branes. 



f2.2) 
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Condition on the partitions. In order to guarantee that the brane configuration is 
supersymmetric and does not break into disconnected configurations, the partitions a and 
p are chosen such that they satisfy the condition [5l |6] that the total number of boxes up to 
any i-th row of is strictly greater than the total number of boxes up to the i-th row of 
p. Here a'^ denotes the transpose of the Young diagram a. This statement can be written 
using the shorthand notation 

> p . (2.3) 



To illustrate this, let us consider various examples that violate condition (2.3): 



1. The partitions a = (1,1), p = (2). Therefore = (2). This corresponds to a 
setup in which one NS5-brane on the left and connected to two D5-branes on the 
right, each by one D3-brane. By moving both D5-branes to the left of the NS5-brane, 
the D5-branes are completely detached from the NS5-branes, i.e. the original brane 
configuration breaks into disconnected ones. 

2. The partitions a = (2), p = (2). Therefore a'^ = (1,1). This corresponds to a 
setup in which one NS5-brane is connected to one D5-brane by two D3-branes. This 
however is not a supersymmetric configuration and is not of our interest. 

3. The partitions a = (1,1,1), p = (3). Therefore a'^ = (3). This corresponds to a 
setup in which one NS5-brane on the left and connected to three D5-branes on the 
right, each by one D3-brane. A similar situation to Example 1 occurs, i.e. the original 
brane configuration breaks into disconnected ones. 

4. The partitions a = (2, 1), p = (3). Therefore o"^ = (2,1). This corresponds to 
a setup in which three D3-branes connecting one NS5-brane on the left with two 
D5-brane on the right. This configuration is not supersymmetric. 

5. The partitions a = (3), p = (3). Therefore a'^ = (1,1,1). This corresponds to a 
setup in which one NS5-brane is connected to one D5-brane by three D3-branes. This 
is not a supersymmetric configuration. 

Mirror symmetry. As pointed out in [3], the mirror symmetry acts on such brane con- 
figuration by exchanging the D5-branes with the NS5-branes and exchange the 
directions with the . It follows from the above construction that the mirror sym- 

metry acts on the T'^p{SU{N)) theory by exchanging a and p. Note that the consistency 



condition (2.3) is equivalent to p > a; hence the mirror theory of T^p(SU{N)) also be- 



longs to the same class as T'^p{SU{N)). In other words, the mirror theory of T'^p{SU{N)) 
is TP^{SU{N)) . The corresponding brane and quiver diagrams for the mirror theory can be 
obtained from the rules discussed above, with the words 'left' and 'right' exchanged. For 
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example, the mirror configurations of Figure 12 and Figure 28 are depicted in Figure 13 and 



Figure |29] respectively. 

Having been summarising the general setup of the T'^p{SU {N)), we are now focusing on 
the theories which are of the main interest of this paper. 



3 The fl 



2) 



m 



n] theory and its mirror 



In this section, we consider the (1) — (2) — • • • — (m) — [n] theory (with n > m) and its 
mirror. Subsequently, we compute the Hilbert series of the Coulomb branch of the former 
and find that the space is a complete intersection. As a warm-up exercise, we begin the 
section by considering a special case of (1) — (2) — ■ ■ ■ — (n — 1) — [n] theory, whose Higgs 
and Coulomb branches are identical. 



3.1 Special case: The (1) - (2) 



[n — 1) — [n] theory 



Let us consider the (1) — (2) — ■ ■ ■ — (ra — 1) — [n] theory. The quiver diagram and the 
corresponding brane configuration are depicted in Figure [Tj 



(a) 






n-l 



(b) 



n-l . 



n-l 



-© 



-® 



-© 



-0. 



D3 

I NS5 

© D5 



Figure 1: (a) The quiver diagram of the (1) — (2) — ■ ■ ■ — (n — 1) — [n] theory, (b) The 
corresponding brane configuration, (c) The D5-branes are moved to the right of all NS5- 
branes. The D3-branes are created according to [3J. The partitions cr = (1,...,1) and 
p = (1, . . . , 1) (with n one's) are in one-to-one correspondence with this diagram. 



From diagram (c), this theory can be identified with Tp{SU{n)), where a and p are the 
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following partitions of n: 



a = p 



□ (n boxes) = (1, 1, . . . , 1) . (3.1) 



n one s 

The dimension of the moduli space can be computed from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

n—l n—1 ^ 

dimn HiggS(i)_(2)_..._(„_i)_[„] = ^i{i + 1) -^i^ = -n{n - 1) . (3.2) 

i=l 1=1 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

n—1 ^ 

dimn Coulomb(i)_(2) (n-i)-H = ^ 2^^'^ ~ ' ^^'^"^ 

1=1 

Observe that the dimensions of the Higgs and the Coulomb branches are equal. This is 
in agreement with the known property by mirror symmetry that the Higgs and Coulomb 
branches are identical (see, e.g. [HlllE]). 



The mirror theory 

Now let us consider the mirror of the (1) — (2) — ■ ■ ■ — (n — 1) — [n] theory. The brane 
configuration of the mirror theory can be obtained as described in |3j and is depicted in 
Figure |2] It is easy to see that this theory is self-mirror, the quiver diagram depicted in 
Figure [l| (a) and Figure |2| (b) are identical - one is simply written in a reverse fashion 
from the other. This leads to the result that the Higgs and Coulomb branches of the 
(1) — (2) — • ■ ■ — (n — 1) — [n] theory (and, of course, its mirror) are identical. 

From the point of view of the NS5-brane theory, the end of a D3-brane looks like a 
magnetic monopole. Using diagram (c) of Figure |4| we can interpret the Coulomb branch 
(and hence the Higgs branch) of the (1) — (2) — ■ ■ ■ — (n — 1) — [n] theory as the moduli space 
of SU{n) monopoles: one with magnetic charge (1, —1, . . . , 0), two with magnetic charge 
(0, 1, —1, 0, . . . , 0), {n — 1) with magnetic charge (0, . . . , 0, 1, —1), in the presence of n 
fixed Dirac monopoles with magnetic charge (0, . . . , 0, 1) represented by the four rightmost 
semi-infinite D3-branes. 



3.1.1 The Hilbert series of the Higgs (or Coulomb) branch of the (1) — (2) — 

■ ■ ■ — {n — 1) — [n] theory 

We claim that the Hilbert series of the Higgs branch (or Coulomb) branch of the (1) — (2) — 
■ ■ ■ — {n ~ 1) — [n] theory is 

n 

^(l)-(2)-...-[n] {t, Xi, . . . , X„_i) = PE [[1, 0, . . . , 0, l]sUin)t'] " f") , (3.4) 

q=2 

8 




Figure 2: The mirror of the (1) — (2) — ■ ■ ■ — (n — 1) — [n] theory, (a) From diagram (c) in 
Figure [T| the NS5-branes and the D5-branes are exchanged and the directions x^,x^,x^ are 
rotated into x'^,x^,x^ and vice-versa, (b) The D5-branes are moved across the NS5-branes. 
The D3-brane creation and annihilation are according to [3J. The corresponding quiver 
diagram is also given next to the brane configuration. Observe that this is actually the 
(1) — (2) — • • • — (n — 1) — [n] theory. Thus, the theory is self- mirror. 
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where xi, . . . are the SU{n) global fugacities. We prove this formula inductively in 

Appendix \K\ 

The Hilbert series indicates that the Coulomb branch of the (1) — (2) — ■ ■ ■ — (n — 1) — [n] 
theory is indeed a complete intersection. There are n"^ — 1 generators at order t^ in the 
adjoint representation of SU{n), and one relation at each order t^'' with q = 2, . . . ,n. These 
altogether give (n^ — 1) — (n — 1) = n{n — 1) complex dimensional space or, equivalently, 



n[n 



1) quaternionic dimensional space - in agreement with (3.2) and (3.3). 




A, 




A2 



B, B 



n-2 




n-1 



A„-i 






n 




Bill 





Figure 3: The quiver diagram of the mirror of the (1) — (2) 
the labels of bi-fundamental chiral multiplets. 



(n — 1) — [n] theory, with 



The F-terms. From Figure |3| the F-term constraints for the bi-fundamental chiral fields 
are (see also (3.4) of [I]): 








where a^, K 



i+l) h. 



+2 
i+1 



(with l<i<n-2) 



1, . . . , r are the indices corresponding to the group U{r). 



The generators. The generators of this theory are 

Note that it follows from the F-terms ( 3.5[ ) and (3.6) that 

TrM = M"" = . 
Thus, M transforms in the adjoint representation of SU{n). 



(3.5) 
(3.6) 



(3.7) 
(3.8) 



The relations. Note that the F-term constraints (3.5) and (3.6) implies that the {i + 



1) X (z + 1) matrices Ai ■ Bi and -Bj+i ■ Aj+i (with 1 <i <n — 2) are nilpotent, and therefore 
the n X n matrix M is also nilpotentj^ Thus, all eigenvalues of M are zero. The relations 
are therefore 



Tr(MP) = (with 1 < p < n) 



(3.9) 



^Here we use the following lemma: Let yl be an m x n matrix and let B he an n x m matrix. If AB 
is nilpotent {i.e. all eigenvalues of AB are zero), then BA is also nilpotent. The proof of this lemma is 
rather amusing. Suppose that (AB)'' = for some positive integer k. Then we can rewrite this relation as 
= A{BA)^~^B. After multiplying B on the left and multiplying A on the right, we have = {BA)''+^. 
In other words, BA is nilpotent. 
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These are in agreement with the Hilbert series (3.4). These relations can also be checked 
using STRINGVACUA package [l9] ; the method is described in [20] . 



3.2 Example: The (1) — (2) — [4] theory and its mirror 

Let us consider the (1) — (2) — [4] theory. The quiver diagram and the corresponding brane 
configuration are depicted in Figure |4j 



(a) 



(b) 




(c) 




D3 

I NS5 

© D5 



Figure 4: (a) The quiver diagram of the (1) — (2) — [4] theory, (b) The corresponding brane 
configuration, (c) The D5-branes are moved to the right of all NS5-branes. The D3-branes 
are created according to [3]. The partitions a = (1, 1, 1, 1) and p = (2, 1, 1) are in one-to-one 
correspondence with this diagram. 



From diagram (c), this theory can be identified with T°"(S'f/(4)), where 



a 



:i, 1,1,1) 



p 



(2,1,1) 



(3.10) 



and the number 4 in SU (4) indicates the total number of boxes in each partition and this 
is also the number of D5-branes present in Figure |4} 

One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dime HiggS(i)_(2)_[4] = (1 X 2) + (2 X 4) - 1^ - 2^ = 5 . (3.11) 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

dime Coulomb(i)_(2)-[4] = 1 + 2 = 3. (3.12) 
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The moduli space of monopoles. From the point of view of the NS5-brane theory, the 
end of a D3-brane looks like a magnetic monopole. Using diagram (c) of Figure |4| we can 
interpret the Coulomb branch of the (1) — (2) — [4] theory as the moduli space of SU{3) 
monopoles, one with magnetic charge (1, —1,0) and two with magnetic charges (0, 1, — 1), 
in the presence of four fixed monopoles with magnetic charge (0, 0, 1) represented by the 
four rightmost semi-infinite D3-branes. 



The mirror theory 



(a) (+>- 
© 



4,5,6 



D3 



NS5 



© D5 



(b) 





© 




© 






© 








Figure 5: The mirror of the (1) — (2) — [4] theory, (a) From diagram (c) in Figure |4| the 
NS5-branes and the D5-branes are exchanged and the directions x'^,x^,x^ are rotated into 
x'^,x^,x^ and vice-versa. The partitions a = (2, 1, 1) and p = (1, 1, 1, 1) are in one-to-one 
correspondence with this diagram, (b) The D5-branes are moved across the NS5-branes. 
The D3-brane creation and annihilation are according to [3j. The corresponding quiver 
diagram is also given next to the brane configuration. 



Now let us consider the mirror of the (1) — (2) — [4] theory. The brane configuration of the 
mirror theory can be obtained as described in [3]. Starting From diagram (c) in Figure |4| 
we exchange the NS5-branes and the D5-branes and rotate the directions x'^,x^,x^ into 
x'^,x^,x^ and vice-versa. The resulting brane configuration is depicted in Figure [s] (a). In 
order to obtain diagram (b), we use the fact that the D5-branes may cross NS5-branes, but 
whenever a D5-brane moves across an NS5-brane, a D3-brane segment stretched between 
them is created or annihilated in such a way that the linking numbers remain constant. 
From diagram (c) of Figure |5| it can be seen that 

a = (2, 1,1), p= (1,1, 1,1), (3.13) 
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i.e. the partitions a and p from (3.10) get exchanged. 



One can compute the dimension of the moduh space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of the mirror theory is 



dime Higgs„ 



(2 X 2) + (2 X 2) + (2 X 1) + (2 X 1) 



l2 _ 2^ - 2^ 



The quaternionic dimension of the Coulomb branch of the mirror theory is 



dimiHi Coulombv 



2 + 2 + 1 = 5 . 



3 . (3.14) 



(3.15) 



The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
(1) — (2) — [4] theory predicted by mirror symmetry. 

Subsequently, we discuss the Coulomb branch of the (1) — (2) — [4] theory in detail. 
We find that this branch is a complete intersection whose generators and relations can 
be explicitly written down. On the other hand, the Higgs branch of this theory is not a 



complete intersection - the Hilbert series of this is presented in Appendix C.2 



3.2.1 The Coulomb branch of the (1) - (2) - [4] theory 

By mirror symmetry, the Coulomb branch of the (1) — (2) — [4] theory is identical to the 
Higgs branch of its mirror. The Hilbert series of the Higgs branch of the mirror theory can 
be obtained by gluing process [121 [13] schematically depicted in Figure [gI 



Figure 6: The gluing process to obtain the mirror of the (1) — (2) — [4] theory. 



Computation of Hilbert series. Let qi be the global U (1) fugacity in the mirror of the 
(1) - (2) - [4] theory and let (ga, x) be the U{1) x SU{2) = U{2) global fugacity. The Hilbert 
series of the Higgs branch of the mirror of the (1) — (2) — [4] theory (or, equivalently, the 
Coulomb branch of the (1) — (2) — [4] theory) is given by 

^[2] -[2] it,q2,X,Zi, Z2)H^Xne{t, ^1, ^2) ^[2] -[2] (t, ^1, ^2, ^1, ^2) X 

H^x^c{t,wi,W2)H]2]-[i\{t,wi,W2,qi)H(i)^[2\{t,wi,W2) , (3.16) 
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where (-21,-22) and (^1,^2) are two sets of U{2) fugacities corresponding of red and blue 
ellipses in Figure [6] respectively. The Haar measure is given by 

1 r dzi r d-2i / 1 1 

2 J|zj|=i Zi J\z2\=l \Z\ ^2, 

The gluing factor is given ^''^ 



{Zx - Z2) 



(3.17) 



i?glue(t, Wl, W2) 



1 



PE 



K + ^2)(^ + 4)t2 



(3.18) 



The Hilbert series i?[2]-[2] is given by 



Hl2]-l2]{t,Zi,Z2,Wi,W2] 



PE 



Hl2]-[2]it,q2,X,Zi,Z2) = PE 



q2 X 





+ 


1 


Wi 




W2 




1 




)( 




+ - 




Zl 





1 1 

— + — 

Zl Z2 
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t + — X + - (-21 + -22)t 



X 



The Hilbert series H[2]-[i] is given by 

H[2]-[2](t,wi,W2,qi) = PE 
The Hilbert series iJ(i)_[2](t, tfi,tU2) is given by (3.4): 
H^i)-l2]{t,wi,W2) = (1-t") PE 



qi \ — + — ) t + —{wi + W2)t 
wi W2J qi 



{wi +W2) [ — + — 

Wi W2 



(3.19) 



(3.20) 



(3.21) 



The Hilbert series. The result is 



Hliyi2yi4t,qi,x,q2) = {1 - f) {1 - t') PE 



(I2 qi 



(3.22) 



Note that the representation [2]^^ + [0]x of SU{2) is in fact the adjoint representation of the 
U{2) global symmetry, and the representation + [Ija, is the bi-fundamental repre- 
sentation of f/(l) X U{2) global symmetry. 

The Hilbert series indicates that the Coulomb branch of the (1) — (2) — [4] theory is indeed 
a complete intersection. There are 4 generators at order in the adjoint representation 
of t/(2), and 4 generators at order in the bi-fundamental representation of U{2) x U{1). 
These generators are subject to one relation at each order of and t^. These altogether 
give 4 + 4 — 2 = 6 complex dimensional space or, equivalently, 3 quaternionic dimensional 



space - in agreement with (3.12) and (3.14). 



^The plethystic exponential PE of a multi-variable function /(ti, ...,t„) that vanishes at the origin, 
/(O, 0) = 0, is defined as PE [f{hM, • • • , *«)] = exp (Er=i i/(i^ • • • . t)) ■ 
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Figure 7: The quiver diagram of the mirror of the (1) — (2) — [4] theory, with the bi- 
fundamental chiral multiplets labelled. Note that A's denote the chiral fields in the anti- 
clockwise direction, C's denote the chiral fields in the clockwise direction, and T, T' denote 
the chiral fields in the tail with reducing ranks. 



The F-terms. From Figure [7| we see that the F-term constraints for the bi-fundamental 
chiral fields are 

= {A^)%{c,)\ + {c,TM,)\, 

= -{A,ra{c,rp + {c,nA,:)p+T-T'^ , 

= -T^T° , (3.23) 

where the indices a, 6 = 1, 2 are the gauge indices corresponding to the leftmost U(2) gauge 
group, the indices a, (3 = 1,2 are the gauge indices corresponding to the middle U{2) gauge 
group, and the indices i,j = 1,2 are the global indices corresponding to the U{2) global 
symmetry. 

The generators. The generators at order can be written as 

= {C,)\{A,r^ . (3.24) 

The generators at order are 

= {A,UA,rMin , R' = {C,)\{C,)\{C,T . (3.25) 

The relations. The relation at order is 

LiR = (TrM)(TrM2) . (3.26) 

The relation at order is 

LiM\R> = (Tr M)(Tr M^) + (det . (3.27) 



We derive these relations in Appendix B.l, Note that these relations can be rewritten in 
other forms which are equivalent to the above, e.g. 

LiR' = Tr(M^) + (TrM)(detM) , (3.28) 
LiM%R^ = Tr(M^) + Tr(M2)(det M) + (det M)^ . (3.29) 
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3.3 Example: The (1) — (2) — [5] theory and its mirror 

Let us consider the (1) — (2) — [5] theory. The quiver diagram and the corresponding brane 
configuration are depicted in Figure |8} From diagram (c), this theory can be identified with 
T;(5f/(5)), where 

a = (l,l,l,l,l) , p=(3,l,l), (3.30) 
and the number 5 in SU (5) indicates the total number of boxes in each partition. 



(a) 



(b) 







© © ® 









(c) 




7,8,9 

t 




3 




D3 


1 


NS5 


© 


D5 



Figure 8: (a) The quiver diagram of the (1) — (2) — [5] theory, (b) The corresponding 
brane configuration, (c) The D5-branes are moved to the right of all NS5-branes. The 
D3-branes are created according to [3]. The partitions a = (1, 1, 1, 1, 1) and p = (3, 1, 1) are 
in one-to-one correspondence with this diagram. 



One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dime HiggS(i)_(2)_[5] = (1 X 2) + (2 X 5) - 1^ - 2^ = 7 . (3.31) 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

dime Coulomb(i)_(2)-[5] = 1 + 2 = 3. (3.32) 



The moduli space of monopoles. Using diagram (c) of Figure [8| we can interpret the 
Coulomb branch of the (1) — (2) — [5] theory as the moduli space of SU{3) monopoles, one 
with magnetic charge (1, —1,0) and two with magnetic charges (0, 1, —1), in the presence 
of five fixed monopoles with magnetic charge (0, 0, 1) represented by the five rightmost 
semi-infinite D3-branes. 
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Figure 9: The mirror of the (1) — (2) — [5] theory, (a) From diagram (c) in Figure |4| the 
NS5-branes and the D5-branes are exchanged and the directions are rotated into 

x^, x®, and vice-versa. The partitions a = (3, 1, 1) and p = (1, 1, 1, 1, 1) are in one-to-one 
correspondence with this diagram, (b) The D5-branes are moved across the NS5-branes. 
The D3-brane creation and annihilation are according to |3]. The corresponding quiver 
diagram is also given next to the brane configuration. 
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The mirror theory 



Now let us consider the mirror of the (1) — (2) — [5] theory. The brane configuration of the 
mirror theory can be obtained as described in [3]. Starting From diagram (c) in Figure [sj 
we exchange the NS5-branes and the D5-branes and rotate the directions into 
x'^,x^,x^ and vice-versa. The resulting brane configuration is depicted in Figure [9] (a). In 
order to obtain diagram (b), we use the fact that the D5-branes may cross NS5-branes, but 
whenever a D5-brane moves across an NS5-brane, a D3-brane segment stretched between 
them is created or annihilated in such a way that the linking numbers remain constant. 
From diagram (c) of Figure |9l it can be seen that 



a =(3, 1,1) 



P= (1,1, 1,1,1) 



(3.33) 



i.e. the partitions a and p from (3.30) get exchanged. 



One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of the mirror theory is 



dime HiggSj, 



3(2 X 2) + 2(2 X 1) - (3 X 2^ 



(3.34) 



The quaternionic dimension of the Coulomb branch of the mirror theory is 



dimn Coulomb^ 



2+2+2+1=7. 



(3.35) 



The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
(1) — (2) — [5] theory predicted by mirror symmetry. 

Subsequently, we discuss the Coulomb branch of the (1) — (2) — [5] theory in detail. 
We find that this branch is a complete intersection whose generators and relations can 
be explicitly written down. On the other hand, the Higgs branch of this theory is not a 



complete intersection - the Hilbert series of this is presented in Appendix C.3 



3.3.1 The Coulomb branch of the (1) - (2) - [5] theory 

By mirror symmetry, the Coulomb branch of the (1) — (2) — [5] theory is identical to the 
Higgs branch of its mirror. The Hilbert series of the Higgs branch of the mirror theory can 



be obtained by gluing process [121 [13] schematically depicted in Figure 10 

Let qi be the global U{1) fugacity in the mirror of the (1) — (2) — [5] theory and let 

{q2,x) be the f/(l) x SU{2) = U{2) global fugacity. 

The Hilbert series of the Higgs branch of the mirror of the (1) — (2) — [5] theory (or, 

equivalently, the Coulomb branch of the (1) — (2) — [5] theory) is given by 



-f^[i)_(2)-[5](^, 9i,92,a;) 



l-r)(l-t^")PE 



(12 qi 



[1]. 



(3.36) 
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Figure 10: The gluing process to obtain the mirror of the (1) — (2) — [5] theory. 



Note that the representation \2\x + [0]^; of SU{2) is in fact the adjoint representation of the 
U{2) global symmetry, and the representation + is the bi-fundamental repre- 

sentation of ^7(1) X U{2) global symmetry. 

The Hilbert series indicates that the Coulomb branch of the (1) — (2) — [5] theory is indeed 
a complete intersection. There are 4 generators at order in the adjoint representation 
of f/(2), and 4 generators at order in the bi-fundamental representation of U{2) x f/(l). 
These generators are subject to one relation at each order of and t^^. These altogether 
give 4 + 4 — 2 = 6 complex dimensional space or, equivalently, 3 quaternionic dimensional 
space 



in agreement with (3.32) and (3.34). 




Figure 11: The quiver diagram of the mirror of the (1) — (2) — [5] theory, with the bi- 
fundamental chiral multiplets labelled. Note that A's denote the chiral fields in the anti- 
clockwise direction, C's denote the chiral fields in the clockwise direction, and T, T' denote 
the chiral fields in the tail with reducing ranks. 



The F-terms. From Figure 11 , we see that the F-term constraints for the bi-fundamental 
chiral fields are 










{Ai)MC{)\ + {C,)\{A,)\, 

-{Mra{C2)% + {c,r,{A,)%, 



(3.37) 
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where the indices a,b = 1,2 are the gauge indices corresponding to the leftmost U{2) gauge 
group, the indices = 1,2 are the gauge indices corresponding to the next U{2) gauge 
group on the right, the indices fi,^ = 1,2, are the gauge indices corresponding to the 
rightmost U{2) gauge group and the indices i,j = 1,2 are the global indices corresponding 
to the U{2) global symmetry. 

The generators. The generators at order can be written as 

= {C,)\{A,r^ . (3.38) 

The generators at order are 

= {A,),{A,r^{A,ra{A,r, , = {c,)\{c,)\{c,r^{c,r • (3.39) 

The relations. The relation at order is 

LiR' = - [(Tr M) (Tr M^) + (det Mf] . (3.40) 
The relation at order t^^ is 

LiM'-R^ = -(Tr M) [(Tr M^) + (det Mf] . (3.41) 



These relations are derived in Appendix B.2 Note that these relations can be rewritten in 



other forms which are equivalent to the above, e.g. 

LiR = - [Tr(M^) + Tr(M2)(detM) + (detM)2] , (3.42) 
LiM'jW = - [Tr(M^) + Tr(M2)(detM) + (TrM)(detM)2] . (3.43) 

3.4 Example: The (1) — (2) — (3) — [5] theory and its mirror 

Let us consider the (1) — (2) — (3) — [5] theory. The quiver diagram and the corresponding 



brane configuration are depicted in Figure 12 

This theory can be identified with T'^(S'f/(5)), where 

(T=(l,l,l,l,l) , p= (2, 1,1,1), (3.44) 

and the number 5 in SU (5) indicates the total number of boxes in each partition. 

One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dimHHiggS(i)_(2)_(3)_[5] = (1 X 2) + (2 X 3) + (3 X 5) - 1^ - 2^ - 3^ = 9 . (3.45) 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

dimn Coulomb(i)_(2)-(3)-[5] = 1 + 2 + 3 = 6. (3.46) 
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Figure 12: (a) The quiver diagram of the (1) — (2) — (3) — [5] theory, (b) The corresponding 
brane configuration, (c) The D5-branes are moved to the right of all NS5-branes. The 
D3-branes are created according to [3j. The partitions a = (1,1,1, 1,1) and p = (2, 1, 1, 1) 
are in one-to-one correspondence with this diagram. 



(b) 







© ® © e 















The moduli space of monopoles. Using diagram (c) of Figure 12 we can interpret the 
Coulomb branch of the (1) — (2) — (3) — [5] theory as the moduli space of SU{A) monopoles, 
one with magnetic charge (1,-1,0,0), two with magnetic charges (0,1,-1,0) and three 
with magnetic charges (0,0, 1, —1), in the presence of five fixed monopoles with magnetic 
charge (0, 0, 0, 1) represented by the five rightmost semi-infinite D3-branes. 

The mirror theory 

Now let us consider the mirror of the (1) — (2) — (3) — [5] theory. The brane configuration of the 



mirror theory can be obtained as described in [3]. Starting From diagram (c) in Figure 12 
we exchange the NS5-branes and the D5-branes and rotate the directions into 
x'^,x^,x^ and vice-versa. The resulting brane configuration is depicted in Figure 13 (a). In 



order to obtain diagram (b), we use the fact that the D5-branes may cross NS5-branes, but 
whenever a D5-brane moves across an NS5-brane, a D3-brane segment stretched between 
them is created or annihilated in such a way that the linking numbers remain constant. 



From diagram (c) of Figure 13, it can be seen that 



a =(2, 1,1,1), p=(l,l,l,l,l) , (3.47) 



i.e. the partitions a and p from (3.44) get exchanged. 

One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of the mirror theory is 

dimn Higgs^i„„, = 2(3 X 3) + (3 X 1) + (3 X 2) + (2 X 1) - 3" - 3" - 2^ - l2 = 6 . 



21 




Figure 13: The mirror of the (1) — (2) — (3) — [5] theory, (a) From diagram (c) in Figure |4| 
the NS5-branes and the D5-branes are exchanged and the directions are rotated 

into and vice-versa. The partitions a = (2,1,1,1) and p = (1,1,1,1,1) are in 

one-to-one correspondence with this diagram, (b) The D5-branes are moved across the NS5- 
branes. The D3-brane creation and annihilation are according to [3]. The corresponding 
quiver diagram is also given next to the brane configuration. 
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The quaternionic dimension of the Coulomb branch of the mirror theory is 

dimn Coulombmirror = 3 + 3 + 2 + 1 = 9. 



(3.48) 



(3.49) 



The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
(1) — (2) — (3) — [5] theory predicted by mirror symmetry. 

3.4.1 The Coulomb branch of the (1) - (2) - (3) - [5] theory 

By mirror symmetry, the Coulomb branch of the (1) — (2) — (3) — [5] theory is identical to 
the Higgs branch of its mirror. The Hilbert series of the Higgs branch of the mirror theory 
can be obtained by gluing process [121 [13] schematically depicted in Figure 14 



3' 



Figure 14: The gluing process to obtain the mirror of the (1) — (2) — (3) — [5] theory. 



Let qi be the global U{1) fugacity in the mirror of the (1) — (2) — (3) — [5] theory and 
let (g2,a;i,X2) be the f/(l) x SU{?)) = U{3) global fugacity. 

The Hilbert series of the Higgs branch of the mirror of the (1) — (2) — (3) — [5] theory 
(or, equivalently, the Coulomb branch of the (1) — (2) — (3) — [5] theory) is given by 



-^o')-(2)-(3)-[5](^' Q'l' ^1' ^2, Q2) 



(l-t6)(l_t8)(l_t 



ION 



X 



PE 



([l,l] + [0,0])t^ 



^[1,0] + ^[0,1] 



(3.50) 



Note that the representation [1, 1] + [0,0] of S'f/(3) is in fact the adjoint representation of 
the ?7(3) global symmetry, and the representation ^[1,0] + ^[0,1] is the bi-fundamental 
representation of f/(3) x f/(l) global symmetry. 

The Hilbert series indicates that the Coulomb branch of the (1) — (2) — (3) — [5] the- 
ory is indeed a complete intersection. There are 9 generators at order in the adjoint 
representation of f/(2), and 6 generators at order in the bi-fundamental representation 
of f/(3) X f/(l). These generators are subject to one relation at each order of t^, and 
These altogether give 9 + 6 — 3 = 12 complex dimensional space or, equivalently, 6 



quaternionic dimensional space - in agreement with (3.46) and (3.48) 
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Figure 15: The quiver diagram of the mirror of the (1) — (2) — (3) — [5] theory, with the 
bi-fundamental chiral multiplets labelled. Note that A's denote the chiral fields in the anti- 
clockwise direction, C's denote the chiral fields in the clockwise direction, and T, T's denote 
the chiral fields in the tail part. 



The F-terms. From Figure [7} we see that the F-term constraints for the bi-fundamental 
chiral fields are 










{A,)%{C,)\ + {C,)\{A,)\, 



(3.51) 



where the indices a, 6 = 1,2,3 are the gauge indices corresponding to the leftmost f/(3) 
gauge group, the indices a, /3 = 1, 2, 3 are the gauge indices corresponding to the next f/(3) 
gauge group on the right, the indices yU, = 1, 2, are the gauge indices corresponding to the 
U{2) gauge group, and the indices i,j = 1,2,3 are the global indices corresponding to the 
U (3) global symmetry. 



The generators. The generators at order can be written as 



j ■ 



The generators at order are 



The relations. The relation at order is 

LiR = (Tr M) (Tr M^) + det M . 

The relation at order is 

1 



LiM'jR^ = - [Tr(M^) + (TrM)2(TrM^ 



(3.52) 



(3.53) 



(3.54) 



(3.55) 
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The relation at order is 

LiM'-M\R'' = Tr(M^) - (TrM)(TrM^) + ^ [5{Tt M'f - (TrM^)] (TrM^) 

-(TrM)3(TrM^) - (TrM)^(detM) . (3.56) 



These relations are derived in Appendix |B. 3 



3.5 General case: (1) — (2) — • • • — (m) — [n] 

In this subsection, we consider the the (1) — (2) — ■ ■ ■ — (m) — [n] theory (with n > m + 1) 
and its mirror. As can be seen from the previous examples, this theory can be identified 
with T"p{SU {n)) , where 

a=(l^_^J), p= (n-m,l^^^J) , (3.57) 

n one's m one's 

and n is the total number of boxes in each partition. It is worth observing that the partition 
p, written in terms of Young's diagram, has a hook shape. 

Let us compute the dimension of the moduli space. The quaternionic dimension of the 
Higgs branch of this theory is 

m— 1 m 

dimHHiggS(i)_(2)_..._(„)_[„] = + I) + mn 

i=i j=i 

= mn — -m{m + 1) . (3.58) 
The quaternionic dimension of the Coulomb branch this theory is 

m ^ 

dimHCoulomb(i)_(2) (m)-[n] = = ^rn{m + 1) . (3.59) 

1=1 

The Coulomb branch of the (1) — (2) — ■ ■ ■ — (m) — [n] theory can be identified with the 
moduli space of SU{m + 1) monopoles in the presence of n fixed monopoles.. Among these 
SU{m + 1) monopoles, k of them has magnetic charge (with 1 < k < m), where are 
(m + l)-tuples such that 

ai = (1,-1,0,. ..,0), as = (0,1, -1,0,..., 0), = (0, . . . , 0, 1, -1) . (3.60) 

The n fixed Dirac monopoles have magnetic charge (0, 0, . . . , 1). 

The mirror theory 



The mirror of the (1) — (2) — • ■ ■ — (m) — [n] theory (with n > m + 1) is depicted in Figure 16 
This theory can be identified with TP^{SU{n)), where the partitions a and p are defined as 
in IKETI. 
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n-m circular nodes 



— • • • • ^ — — • « • • — — 



Figure 16: The mirror of the (1) — (2) — ■ ■ ■ — (m) — [n] theory with n > m + 1. 



One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

m—1 m—1 

•2 



dime Higgs„jij.i.or = '"^^ + m'^in — m — 1) + m + i{i + 1) — m^(n — m) — 

i=l i=l 

= ^m(m + 1) . (3.61) 



The quaternionic dimension of the Coulomb branch this theory is 



m—1 



dime Coulombmirror = i + m{n — m) 



i=l 

= mn — -m(m + 1) . (3.62) 

The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
theory and its mirror predicted by mirror symmetry. 

The Coulomb branch of the (1) — (2) — • • — (m) — [n] theory 

In this section, we compute the Hilbert series of the Coulomb branch of the (1) — (2) — 
■ ■ ■ — (m) — [n] theory. We make use of mirror symmetry and compute this from the Higgs 
branch of the mirror theory. 

Let qi be the global U{1) fugacity in the mirror of the (1) — (2) — ■ ■ ■ — (m) — [n] theory 
and let {q2,xi, . . . ,Xm-i) be the U{1) x SU{m) = U{rn) global fugacity. 

The Hilbert series of the Higgs branch of the mirror of the (1) — (2) — ■ ■ ■ — (m) — [n] 
theory (or, equivalently, the Coulomb branch of the (1) — (2) — ■ ■ ■ — (m) — [n] theory) is 
given by 

m—1 

2n-2fc 



Hfl)-{2) (m)-[n](*5 9l5 ?2, Xi, . . . , Xm-l) — ~ ^ 

PE 



X 



([i,o,...,o,i] + [o,...,o])t^+ ( -[i,o,...,o] + ^[o,...,o,i] 

Qi 92 
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(3.63) 



Note that the representation [1, 0, . . . , 0, 1] + [0, . . . , 0] of SU (m) is in fact the adjoint repre- 
sentation of the U{m) global symmetry, and the representation ^[1, 0, . . . , 0] + ^[0, . . . , 0, 1] 
is the bi-fundamental representation of U{m) x U{1) global symmetry. 

The Hilbert series indicates that the Coulomb branch of the (1) — (2) — • • • — (m) — 
[n] theory is indeed a complete intersection. There are th? generators at order t^ in the 
adjoint representation of U{m), and 2m generators at order in the bi-fundamental 

representation of U{m) x f/(l). These generators are subject to one relation at each order of 



t^ (for < A; < m — 1). These altogether give + 2m 



m 



+ m complex dimensional 



space or, equivalently, m(m + l)/2 quaternionic dimensional space - in agreement with 



(3.59) and (3.61). 



n-m circular nodes 
A 



.... (2^0^@ 

Cil Ia, 



it TC„ 



^n-m+l 




m 



Figure 17: The quiver diagram of the mirror of the (1) — (2) — ■ ■ ■ — (m) — [n] theory, with 
the bi-fundamental chiral multiplets labelled. Note that As denote the chiral fields in the 
anti-clockwise direction, C's denote the chiral fields in the clockwise direction, and T, T's 
denote the chiral fields in the tail part. 



The generators. Let us consider the generators of the Higgs branch of the mirror the- 
ory. Below we suppress all gauge indices but the global indices i, j = 1, . . . ,m are shown 
explicitly. 

The generators at order t^ can be written as 

M^ = {C,)\A,), . (3.64) 
The generators at order t^-'^+i are 

Li = An-m+l ■ ■ ■ ^2(^1)1 , -R* = {CiyC2 ■ ■ ■ Cn~m+1 ■ (3.65) 

The relations. The relation at order t^n-zfc (^^[-^i^ < A; < m — 1) is 

UiM^-'^-^y^W = fm,n-AM) , (3.66) 

where fm,n;k{M) is a function of gauge invariant operators of order t^n-afc constructed only 
from M. Below we give examples for certain special cases. 
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From (3.9), we have for m = n — 1, 

fn-i,n;kiM) = Tr(M"-^) = for < < ^ - 1 . 



(3.67) 



From (|3.28|), (|3.29D and (|3.42|), (|3.43|), we conjecture that for m = 2 and = 0, 1, 

(3.6J 



/2,n;fc(M) 



-IV 



[n/2\ 



(TrM"-'=)+ ^(TrM"-^-2^)(detM)' 



r=l 



Observe that when n = 3, we recover (3.67), since M is nilpotent and detM = 0. 

4 The (k) — (2k) — • {nk — k) — [nk] theory and its mirror 

For = 1, we have the (1) — (2) — ■ • • — (n) theory, which has been considered in Section 1. 
In this section, we examine the two examples, namely the (2) — (4) — ■ ■ ■ — (2n — 2) — [2n] 
and (3) — (6) — ■ ■ ■ — {3n — 3) — [3n] theories (and their mirrors) . The results for general k 
can be deduced from these examples. 

4.1 Example: The (2) — [4] theory and its mirror 



(a) 






4 


1 



(b) 



© © © © 



(c) 





— © 

© 

© 
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D3 

I NS5 

© D5 



Figure 18: (a) The quiver diagram of the (2) — [4] theory, (b) The corresponding brane 
configuration, (c) The D5-branes are moved to the right of all NS5-branes. The D3-branes 
are created according to [3j. The partitions a = (1, 1, 1, 1) and p = (2, 2) are in one-to-one 
correspondence with this diagram. 
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The quiver diagram and the corresponding brane configuration are depicted in Figure 18 
From diagram (c), this theory can be identified with T'^(S'?7(4)), where 

cr=(l,l,l,l) , p=(2,2), (4.1) 

and the number 4 in SU (4) indicates the total number of boxes in each partition. 

One can compute the dimension of the moduh space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dime HiggS(2)_[4] = (2 X 4) - 2^ = 4 . (4.2) 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

dime Coulomb (2) -[4] = 2 . (4.3) 

The mirror theory 

Now let us consider the mirror of the (2) — [4] theory. The brane configuration of the mirror 



theory can be obtained as described in [3] and is depicted in Figure 19 From diagram (c), 
it can be seen that 

a = (2,2), p= (1,1, 1,1), (4.4) 



i.e. the partitions a and p from (4.1) get exchanged. 

One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of the mirror theory is 

dimn Higgs^i„or = 2(2 x 1) + (2 x 2) - (2 x 1^) - 2^ = 2 . (4.5) 

The quaternionic dimension of the Coulomb branch of the mirror theory is 

dime Coulombmirror = 1 + 2 + 1 = 4. (4.6) 

The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
(2) — [4] theory predicted by mirror symmetry. 

4.1.1 The Coulomb branch of the (2) — [4] theory 

By mirror symmetry, the Coulomb branch of the (2) — [4] theory is identical to the Higgs 
branch of its mirror. The Hilbert series of the Higgs branch of the mirror theory can be 



obtained by gluing process [121 [13] schematically depicted in Figure 20 

Let X be the SU (2) C U{2) global fugacity. The Hilbert series of the Higgs branch of the 
mirror of the (2) — [4] theory (or, equivalently, the Coulomb branch of the (2) — [4] theory) 
is given by 

H^2)-dt,x) = {l-t'){l-t')PE[[2lt' + [2lt'] . (4.7) 
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(a) 



4,5,6 

/I 



D3 



NS5 



D5 



(b) 
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© 






Figure 19: The mirror of the (2) — [4] theory, (a) From diagram (c) in Figure 18, the 



NS5-branes and the D5-branes are exchanged and the directions rotated into 



OC OC 'tij and vice-versa. The partitions a 



(2, 2) and p = (1, 1, 1, 1) are in one-to-one 
correspondence with this diagram, (b) The D5-branes are moved across the NS5-branes. 
The D3-brane creation and annihilation are according to [3]. The corresponding quiver 
diagram is also given next to the brane configuration. 



2 


+ 
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Figure 20: The gluing process to obtain the mirror of the (2) — [4] theory. 
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The Hilbert series indicates that the Coulomb branch of the (2) — [4] theory is indeed 
a complete intersection. There are 3 generators at order t"^ and 3 generators at order t^. 
These generators are subject to one relation at each order of and t^. These altogether 
give 3 + 3 — 2 = 4 complex dimensional space or, equivalently, 2 quaternionic dimensional 
space - in agreement with (4.3) and (4.5). 




Figure 21: The quiver diagram of the mirror of the (2) — [4] theory, with the bi-fundamental 
chiral multiplets labelled. Note that A's denote the chiral fields in the anti-clockwise di- 
rection, C's denote the chiral fields in the clockwise direction, and T, T' denote the chiral 
fields in the tail with reducing ranks. 



The F-terms. From Figure 21 , we see that the F-term constraints for the bi-fundamental 
chiral fields are 

= {C,)%iA,)\ + iA,riC2)b + T'^n, (4.8) 
= -(C2)a(A2r = -T^T^ (4.9) 

where the indices a, 6 = 1,2 are the gauge indices corresponding to the U{2) gauge group, 
and the indices i,j = 1, 2 are the global indices corresponding to the U{2) global symmetry. 



From Footnote^ the F-term constraint (4.9) implies that the matrices {A2)"'{C2)b and 



T"Tj' (with a,b = 1, 2) are nilpotent. Hence, using a U{2) gauge transformation, one can 
put either of these matrices into an upper triangular matrix (with zero diagonal elements): 

This fact can be very useful for verifying the relations below. 

Generators and relations of the Coulomb branch of the (2) — [4] theory 
Order t^. The generators at order can be written as 

{G^y^ = {A,)\{C^r^ . (4.11) 
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Note that the trace of Go vanishes, i.e. 



. 



(4.12) 



This follows immediately from the F-term constraints (4.8) and (4.9). Hence, G2 indeed 
transforms under the adjoint representation of the global symmetry SU{2), which is a 
subgroup of the global U{2) symmetry. This is in agreement with the information contained 
in Hilbert series (4.7). 



Since G2 is a traceless 2x2 matrix, the eigenvalues of G2 are a/— det G2 and — -\/— det G2. 
It then follows that for any non-negative integer n, 



TrG^"+i = . 



(4.13) 



Another relation which follows immediately from the tracelessness of the 2x2 matrix 



Go is 



det G2 



Tr(G^) 



(4.14) 



Order t^. From Figure 21, there are two possible candidates for the generators at order 
which carry two fundamental indices i,j = 1, 2 of the global symmetry U{2): 



(^4 



iA^)\iA2nC2UC,f^ 



G, ^ = {A,)\TX{Cir, 



From (4.8), it turns out that G4 and G4, are related to each other by 

G4 -\- G4 ■ 



-G' 



2 • 



(4.15) 



(4.16) 



In other words, there is actually one independent generator - we take G4 to be the generator 
at order t^. 



Moreover, using (4.8) and (4.9), we find that 

- {A2nG2UG,)\{A,)\ 



TtGa 



-{A2nC2)t [{A2)\G2)a + TX] 

-{A2nG2)tTX 

[iG,nA,)\+T'^n] tx 

{g^uAi)\tX 
TrG'4 . 



Thus, it follows that 



= TrG'^ + 2Tra 



4 1 



(4.17) 



(4.18) 



i.e., the trace of G4 is fixed by the trace of G^. These facts about the generators at order 
are in agreement with the Hilbert series (4.7). 
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Order t^. The relation at order can be written as 



Tr(G2 ■ G4) = . 



(4.19) 



Note that TiG\ = Q is also a relation at order . However, as discussed in (4.35), such 
a relation follows directly from the fact that G2 is a traceless 2x2 matrix. Therefore, we 



do not count it as an independent relation from (4.12). 



Order t^. Finally, the relation at order can be written as 

det G4 = , 



(4.20) 



We can compute other relations which are not independent from the one above. For 
example. 



= Tr(G2)-(TrG'4)' , 
= Ti{Gl) + Ti{Gl ■ G4) , 
= Tr(G^) + 2Tr(G'^G4) 



(4.21) 
(4.22) 
(4.23) 



We emphasise that these relations are not independent from (4.20) but can be derived from 
the aforementioned relations. 



The relations (4.19)-(4.23) are derived in Appendix B.4 



4.2 Example: The (3) — [6] theory and its mirror 



The quiver diagram and the corresponding brane configuration are depicted in Figure [22 
From diagram (c), this theory can be identified with T'^(S't/(6)), where 



:i, 1,1, 1,1,1) 



P=(3,3), (4.24) 
and the number 6 in SU{Q) indicates the total number of boxes in each partition and this 



is also the number of D5-branes present in Figure 22 



One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dime HiggS(3)_[6] = (3 X 6) - 32 = 9 . (4.25) 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

dimja Coulomb(3)_[6] = 3 . (4.26) 
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Figure 22: (a) The quiver diagram of the (3) — [6] theory, (b) The corresponding brane 
configuration, (c) The D5-branes are moved to the right of all NS5-branes. The D3-branes 
are created according to [3J. The partitions a = (1, 1, 1, 1, 1, 1) and p = (3, 3) are in one-to- 
one correspondence with this diagram. 



The mirror theory 

Now let us consider the mirror of the (3) — [6] theory. The brane configuration of the mirror 



theory can be obtained as described in [3] and is depicted in Figure 23 From diagram (c), 
it can be seen that 

a =(3,3), p=(l,l,l,l,l,l) , (4.27) 



i.e. the partitions a and p from (4.24) get exchanged. 

Let us compute the dimension of the moduli space. The quaternionic dimension of the 
Higgs branch of the mirror theory is 

dime Higgs^i„„, = 2(1 x 2) + 3(2 x 3) - (2 x 1^) - (2 x 2^) - 3^ = 3 . (4.28) 

The quaternionic dimension of the Coulomb branch of the mirror theory is 

dimn Coulombmirror = 1 + 2 + 3 + 2 + 1 = 9. (4.29) 

The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
(3) — [6] theory predicted by mirror symmetry. 

4.2.1 The Coulomb branch of the (3) — [6] theory 

By mirror symmetry, the Coulomb branch of the (3) — [6] theory is identical to the Higgs 
branch of its mirror. The Hilbert series of the Higgs branch of the mirror theory can be 



obtained by gluing process [121 US] schematically depicted in Figure 24 
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Figure 23: The mirror of the (3) — [6] theory, (a) From diagram (c) in Figure 22, the 
NS5-branes and the D5-branes are exchanged and the directions rotated into 

x'', x^, and vice-versa. The partitions cr = (3, 3) and p = (1, 1, 1, 1, 1, 1) are in one-to-one 
correspondence with this diagram, (b) The D5-branes are moved across the NS5-branes. 
The D3-brane creation and annihilation are according to [3j. The corresponding quiver 
diagram is also given next to the brane configuration. 




Figure 24: The gluing process to obtain the mirror of the (3) — [6] theory. 
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Let X be the SU (2) C U (2) global fugacity. The Hilbert series of the Higgs branch of the 
mirror of the (3) — [6] theory (or, equivalently, the Coulomb branch of the (3) — [6] theory) 
is given by 



-f^(3)-[6](^5^) 



(4.30) 



The Hilbert series indicates that the Coulomb branch of the (3) — [6] theory is indeed a 
complete intersection. There are 3 generators at each order of t^, and t^. These generators 
are subject to one relation at each order of t^, and t^^. These altogether give 9 — 3 = 6 
complex dimensional space or, equivalently, 3 quaternionic dimensional space - in agreement 



with (4.26) and (4.28). 




Figure 25: The quiver diagram of the mirror of the (3) — [6] theory, with the bi-fundamental 
chiral multiplets labelled. Note that A's denote the chiral fields in the anti-clockwise di- 
rection, C's denote the chiral fields in the clockwise direction, and Ts,T's denote the chiral 
fields in the tail with reducing ranks. 



The F-terms. From Figure 25, we see that the F-term constraints for the bi-fundamental 
chiral fields are 

= (c^in(^)^ + (^)'^a.(C2)1 + (ri)'^„.(T0l , 

= {A,rmb,-{C2ra{A2)\ 

= {T,r'-{T^)y^-{T[)<STi)\ 

= -{C,U{A,r^ = -(T^)^,^(T^Y^ ^ (4.31) 

where the indices a,b = 1,2,3 are the gauge indices corresponding to the U (3) gauge group, 
the indices 02, 62 = 1, 2 are the gauge indices corresponding to the U (2) gauge group on the 
left, the indices a'2, h'2 = 1,2 are the gauge indices corresponding to the U{2) gauge group on 
the right, and the indices j = 1, 2 are the global indices corresponding to the U (2) global 
symmetry. 

Using the lemma in Footnote |5| the F-term constraint (4.9) implies that the matrices 
{A2Y^^{C2Tl and {TiY ^,^{T[f'l (with a, 6 = 1, 2, 3) are nilpotent. Hence, using a U{2) gauge 
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transformation, one can put either of these matrices into an upper triangular matrix (with 
zero diagonal elements): 

/O 1 0\ 

1. (4.32) 
\0 0/ 

This fact can be very useful for deriving the relations below. 



Generators and relations of the Coulomb branch of the (3) — [6] theory 
Order t^. The generators at order t"^ can be written as 

Note that the trace of Go vanishes, i.e. 



(4.33) 



(Gs 



(4.34) 



This follows immediately from the F-term constraints (4.31) and (4.31). Hence, G2 indeed 



transforms under the adjoint representation of the global symmetry SU{2), which is a 
subgroup of the global U{2) symmetry. This is in agreement with the information contained 



in Hilbert series (4.30) 



Since G2 is a traceless 2x2 matrix, the eigenvalues of G2 are a/— det G2 and —y/— det G2. 
It then follows that for any non-negative integer n, 



TrG^n+i _ Q _ 



(4.35) 



Another relation which follows immediately from the tracelessness of the 2x2 matrix 



Go is 



detG2 = -^Tr(G^) 



(4.36) 



Order t^. The generators at order 4 can be written as 



{G, 



{A,)\{A2)\^{C2)r{C,) 



(4.37) 



In Appendix B.5 we show that 



TrG'^ + 2TrG'4 = 



(4.38) 



i.e., trace of G4 is fixed by the trace of G^. These facts about the generators at order are 



in agreement with the Hilbert series (4.30) 
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Order t^. The generators at order 6 can be written as 



(G'6)^■ = {A{)\{A,)\^{A,r{C,),,{C,)l\Cr)% 
= {A{)\{A,)\{C,Tl{A,)\XC,t{C,y^ . 



(4.39) 



Note that the trace of Gq is fixed by the trace of G2 ■ G4. In particular, in Appendix |B.5 
we show that 



TrGe = Tr(G2 ■ G4) 



= TrG'^ + 2Tr(G'^G'4) 
= TT{Gl-G^) + {TTG^y 



Order t . The relation at order 10 can be written as 

= Tr(G2 ■ G^) + Tr(G'^ Ge) + Tr(G4 ■ Ge) + Tr(G'^ G4) 
Other relations at this order follow from the aforementioned relations, e.g., 







Tr(G^ ■ G4) + Tr(G2 ■ Gl) = Tr(G^ ■ G4) + Tr(G^ • Gg 



Order t . The relation at order 12 can be written as 



det Gfi = . 



Other relations at this order can be derived from the aforementioned relations, e.g. 



3 Tr(G^ ■ Ge) + 3 Tr(G^ ■ G4) + Tr(G^) - Tr(G; 



I), 



3 Tt{GI ■ G^) + 3 Tr(G^ ■ G4) + Tr(G^) + 2 Tr(G; 



47 ? 



(4.40) 



Order t^. The relation at order 8 can be written as 

= Tr(G^ ■ G4) + 2 Tr(G2 • Gg) + Tr(G2) . (4.41) 
Other relations at this order can be derived from the aforementioned relations, e.g., 



(4.42) 
(4.43) 



(4.44) 



(4.45) 



(4.46) 



(4.47) 
(4.48) 






= 6 Tr(G2 • G4 • Ge) + 6 Tr(G4 • G2 ■ Gq) + 6 Tr(G^ ■ G^) + 6 Tr(G^ • Ge) + 

6 Tr(G^ ■ G4) + 3 Tr [(G2 • G4)'] + 3 Tr(G2) + 2 Tr(G3) + Tr(G^) . (4.49) 



We derive relations (4.41 )-(4.46) in Appendix B.5, Note that relations (4.47)-(4.49) can 



be derived in a similar way as (4.44) although the calculation is a little longer. 
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4.3 Special case: The (k) — [2k] theory and its mirror 

Let us now consider the {k) — [2k] theory for general A; > 1. This theory can be identified 
with T''p{SU{2k)), where 

a={l^_^), P=ik,k). (4.50) 

2k one's 

Note that the total number of boxes is 2k. Let us compute the dimension of the moduli 
space. The quaternionic dimension of the Higgs branch of this theory is 

dimHHiggS(fc)_[2fe] = 2A;2 ^ p = k'^ , (4.5I) 

The quaternionic dimension of the Coulomb branch of this theory is 

dimHHiggS(fc)_[2fc] = k. (4.52) 

The Coulomb branch of the (k) — [2k] theory can also be identified with the moduli space 
of magnetic monopoles. In particular, this is the moduli space of k SU (2) monopoles with 
magnetic charge (1, —1), in the presence of 2k fixed monopoles with magnetic charge (0, 1). 



The mirror theory 



The quiver diagram of the mirror theory is depicted in Figure 26 This theory can be 



identified with T^^{SU{2k)), where the partitions p and a are given by (4.50) 



2 



Figure 26: The quiver diagram of the mirror of the [k) — [2fc] theory. 



One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dime HiggSjj,i„or = 2 ^ i(i + 1) + 2fc - 2 ^ - /c^ = . (4.53) 

i=\ 1=1 

The quaternionic dimension of the Coulomb branch this theory is 

fe-i 

dime Coulombmirror = 2^i + k = k^. (4.54) 

i=l 

The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
theory and its mirror predicted by mirror symmetry. 
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4.3.1 The Coulomb branch of the (k) — [2k] theory 



In this section, we compute the Hilbert series of the Coulomb branch of the [k) — [2k] theory. 
We make use of mirror symmetry and compute this from the Higgs branch of the mirror 
theory. 

Let X be a fugacity for the SU{2) C U{2) global symmetry in the quiver diagram 



Figure 26 The Hilbert series of the Higgs branch of the mirror of the (k) — [2k] theory (or, 
equivalently, the Coulomb branch of the (k) — [2k] theory) is given by 



PE 



p=i 



2k 



n (1-^'^) 



(4.55) 



q=k+l 



The Hilbert series indicates that the Coulomb branch of the {k) — [2A;] theory is indeed a 
complete intersection. There are 3 generators at each of the follwing order: . . . 

and one generator at each of the following order: t^^^^^\ . . . .,t^^ . These altogether give 
3k — k = 2k complex dimensional space or, equivalently, k quaternionic dimensional space 



in agreement with (4.53). 



Generators and relations of the Coulomb branch of the (k) — [2k] theory 



& 



Ak-2 A3 



BfGHB dXD 

A,! Ic, 



Figure 27: The quiver diagram of the mirror of the (k) — [2k] theory, with the bi-fundamental 
chiral multiplets labelled. Note that A's denote the chiral fields in the anti-clockwise direc- 
tion, C's denote the chiral fields in the clockwise direction. 



The generators 

Let us fix k. The generators at order t^^ (with 1 < p < k) can be written as 

p p 

G2p = llArllCs (4.56) 

r=l s=l 

For p = 1, the operator G2 is traceless: 

TrG2 = 0. (4.57) 
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From the tracelessness condition and the fact that G2 is a 2 x 2 matrix, we also have 



TrG'^+^ = for all n = 1, 2, 3, 



(4.58) 



For 1 < p < k, the trace of is fixed by a relation consisting of operators of lower 
orders. In particular, we compute the following relations directly from the (k) — [2k] theories 
for /c = 1, . . . , 6 (in the same way as in Appendix B.5 ) and find that the traces Tr satisfy 











TrG2 , (4.59) 

2TtG^ + Tt{GI) , (4.60) 

3 Tr Ge + 3 Tr(G'2 ■ G4) + Tr(G'^) , (4.61) 

4 Tr Gg + 4 Tr(G2 • Gg) + 4 Tr{Gl ■ G4) + 2 Tt{GI) + Tr(G^) , (4.62) 

5 Tr Gio + 5 Tr(G2 ■ Gg) + 5 Tr(G2 ■ G^) + 5 Tr(G^ • Gg) + 5 Tr(G4 ■ Gg) + 
5Tr(G^ G4) + Tr(G^) , (4.63) 

6 Tr G12 + 6 Tr(G2 ■ Gio) + 6 Tr(G2 ■ G4 ■ Gg) + 6 Tr(G4 ■ G2 ■ Gg) + 
6 Tt{GI ■ Gg) + 6 Tr(G^ ■ G^) + 6 Tt{GI ■ Gq) + 6 Tr(G^ ■ G4) + 

6 Tr(G4 ■ Gg) + 3 Tr [(G2 ■ G4)'] + 3 Tt{GI) + 2 Tr(G^) + Tr(G^) , (4.64) 



where it should be noted that for the (k) — [2k] theory Tr G 



2n+l 
2 



0. Observe that the second 



equality (4.60) is identical to (4.18) and (4.38), and the third equality (4.61) is identical to 



(4.40). 



Conjecture. From these examples, we conjecture that the trace Tr G2p satisfies 

Tr (nr=i G2 



i<si<...<s™<p-i \ i=i ) '^^ "-^ (^Tr(n^i G2s^,,))j 



Tr 



(n5=i G'2s,(,.) 



p/r 



l<r<p/2 l<si<--<s;<r 



pjr 



(4.65) 



where YlcreSm denotes the summation over a G Sm such that HI^i ^2s^(i) is not an operator 
with an integer power greater than 1, and M. ^Tr(]^^-,^ G2s^(-j) j denotes the multiplicity of 

Tr(nr=iG2..,,). 



The relations 



The relations (4.65) also go through at higher orders. Bearing in mind that the generators 
G2p with p > A; + 1 do not exist and hence they can be set to zero in (4.65), we conjecture 
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the relation at order (with k + 1 < q < 2k) to be as follows: 



l<Si<...<Sm.<k 



i=l 



'^^^-A^(Tr(nr=iG'2.., 



I \ Tr 



q/r 



l<r<g/2 l<si<--<s;<-r 



q/r 



(4.66) 



Note that the relation at order t^'^ can alternatively be written as 

det G2k = . 

Observe that these relations are in agreement with the following examples: 



(4.67) 



The (1) — [2] theory. For A; = 1, we have q = 2 and TrG'2 = 0. From (4.66), the relation 
at order is simply Tr(G'2) = 0^ which is in agreement with (3.9). 



The (2) — [4] theory. For k = 2, the relation at order {i.e., q = 3) obtained above is 



derived from 2(4.22 ) + (4.23) 



the same as (4.19). The relation at order t {i.e., q = 4:) obtained above is the same as that 



= 4 Tt{GI ■ G4) + 2 Tt{GI) + Tr(G^ 



(4.68) 



The (3) — [6] theory. For A; = 3, the relation at order {i.e., (? = 4) given by (4.66) 



= 4 Tr(G2 ■ Ge) + 4 Tt{GI ■ G4) + Tr(G^) + 2 Tr(G: 



AJ 5 



(4.69) 



can also be derived from 2(4.41 ) + (4. 42). The relation at order {i.e., q = 5) given by 



(4.66) 



= 5 Tr(G'2 ■ G4) + 5 MGj ■ Gg) + 5 Tr(G4 ■ Gg) + 5 Tr(G^ ■ G4) + Tr(G^) , 
or = Tr(G2 ■ G^) + Tr(G2 ■ Ge) + Tr(G4 ■ Ge) + Tr(G^ G4) (4.70) 



coincides with (4.44). Finally, the relation at order t^^ {i.e., q = Q) given by (4.66) 



= 6 Tr(G2 • G4 • Ge) + 6 Tr(G4 • G2 ■ Gq) + 6 Tr(G^ ■ G^) + 6 Tr(G^ • Ge) + 

6 Tr(G^ ■ G4) + 3 Tr [(G2 • G4)'] + 3 Tt{GI) + 2 Tr(G^) + Tr(G^) , (4.71) 



coincides with (4.49) 
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4.4 Example: The (2) — (4) — [6] theory and its mirror 



The quiver diagram and the corresponding brane configuration are depicted in Figure 28 
From diagram (c), this theory can be identified with T'^(S'[/(6)), where 

a=(l,l,l,l,l,l) , p= (2,2,2), (4.72) 

and the number 6 in SU (6) indicates the total number of boxes in each partition. 



(a) 



(b) 



(c) 
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Figure 28: (a) The quiver diagram of the (2) — (4) — [6] theory, (b) The corresponding brane 
configuration, (c) The D5-branes are moved to the right of all NS5-branes. The D3-branes 
are created according to [3]. The partitions a = (1,1,1,1,1,1) and p = (2,2,2) are in 
one-to-one correspondence with this diagram. 



One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

dimn HiggS(2)_(4)_[6] = (2 X 4) + (4 X 6) - 2" - 4^ = 12 . (4.73) 

On the other hand, the quaternionic dimension of the Coulomb branch of this theory is 

dime Coulomb (2)- (4) -[e] =2 + 4 = 6 . (4.74) 

The mirror theory 

Now let us consider the mirror of the (2) — (4) — [6] theory. The brane configuration of 



the mirror theory can be obtained as described in [3] and is depicted in Figure 29 From 
diagram (c), it can be seen that 



(2,2,2) 



;i, 1,1, 1,1,1) 



(4.75) 
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(a) 



©= 



4,5,6 



D3 



NS5 



D5 



(b) 



Figure 29: The mirror of the (2) — (4) — [6] theory, (a) From diagram (c) in Figure 28, the 
NS5-branes and the D5-branes are exchanged and the directions rotated into 

x^, x®, and vice-versa. The partitions a = (2, 2, 2) and p = (1, 1, 1, 1, 1, 1) are in one-to-one 
correspondence with this diagram, (b) The D5-branes are moved across the NS5-branes. 
The D3-brane creation and annihilation are according to [3]. The corresponding quiver 
diagram is also given next to the brane configuration. 



i.e. the partitions a and p from (4.72) get exchanged. 

One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of the mirror theory is 

dime Higgs^i„„, = 8 + (2 X 12) + 6 + 2 - 2^ - 42 - 3^ - 2^ - l2 = 6 . (4.76) 

The quaternionic dimension of the Coulomb branch of the mirror theory is 

dimn Coulombmirror = 1 + 2 + 3 + 4 + 2 = 12. (4.77) 

The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
(2) — (4) — [6] theory predicted by mirror symmetry. 

4.4.1 The Coulomb branch of the (2) — (4) — [6] theory 

By mirror symmetry, the Coulomb branch of the (2) — (4) — [6] theory is identical to the 
Higgs branch of its mirror. The Hilbert series of the Higgs branch of the mirror theory can 



be obtained by gluing process [121 [13] schematically depicted in Figure 30 

Let Xi,X2 be the SU{3) C U{3) global fugacity. The Hilbert series of the Higgs branch 
of the mirror of the (2) — (4) — [6] theory (or, equivalently, the Coulomb branch of the 
(2) — (4) — [6] theory) is given by 

^§)-(4)-[6](i,^i,^2) = (l-t^)(l-t«)(l-t^°)(l-t^^)PE[[l,l]t2 + [l,l]t4] . (4.78) 
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Figure 30: The gluing process to obtain the mirror of the (2) — (4) — [6] theory. 



The Hilbert series indicates that the Coulomb branch of the (2) — (4) — [6] theory is 
indeed a complete intersection. There are 8 generators at order and 8 generators at order 
t^. These generators are subject to one relation at each order of t^,t^, and t^^. These 
altogether give 8 + 8 — 4 = 12 complex dimensional space or, equivalently, 6 quaternionic 
dimensional space - in agreement with (4.74) and (4.76). 




Figure 31: The quiver diagram of the mirror of the (2) — (4) — [6] theory, with the bi- 
fundamental chiral multiplets labelled. Note that A's denote the chiral fields in the anti- 
clockwise direction, C"s denote the chiral fields in the clockwise direction, and T, T' denote 
the chiral fields in the tail with reducing ranks. 



The F-terms. From Figure 31 , we see that the F-term constraints for the bi-fundamental 
chiral fields are 



= -{c,rM2r^, 

= iC,UA,)\ + iA2)\iC,)t + iT,)\iT{ 
= -(T^),,(T3r. 



'\a3 



b ' 



(4.79) 



where the indices a,b = 1,2,3,4 are the gauge indices corresponding to the gauge group 
U (4), the indices a, /3 = 1, 2 are the gauge indices corresponding to the leftmost U (2) gauge 
group, the indices i,j = 1,2,3 are the global indices corresponding the global symmetry 
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U (3), and the 02, 03 are the gauge indices corresponding to the gauge groups U (2) and U (3) 
in the tail. 

Using the lemma discussed in Footnote |5| we find that the matrices 



1 13 
' b ' 



{T[Yl{T,)X = {T,Yl,XT-, 



0.2 



are nilpotent. By choosing appropriate bases in quiver gauge groups, one can transform 
these matrices into their Jordan normal form as follows. 

Using a ?7(2) gauge transformation, we can put the 2x2 matrix (72)%(^2)% ~ 
(T3)'*2(T3)ft2 into a Jordan normal form: 



1 




(4.80) 



Similarly, using a f/(3) gauge transformation, we can put the 3x3 matrix (T^')'^^(Ti)"^g 
(T2)'*^2(^2)"b3 i'^t'^ ^ Jordan normal form: 



(4.8I; 



Using a t/(4) gauge transformation, we can put either {T\YaJyJ"\fh (^2)"a(C'2)b into 
a Jordan normal form. For the matrix iT\)°'aJ(^'\Y\i we have 




/O 1 o\ 

10 

1 

yo oy 



(4.82) 



On the other hand, the Jordan normal form for the matrix (A2)"a(C*2)fe contains two 2x2 
blocks as follows: 



/O 1 o\ 



1 

\^o oy 



(4.83) 



It is convenient to use Jordan normal forms of these matrices to compute and verify the 
relations between generators below. 



Generators and relations of the Coulomb branch of the (2) — (4) — [6] theory 

The generators and relations can be derived in a similar way to those of the (2) — [4] theory 
discussed in the previous section. 
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Order t^. The generators at order can be written as 

(G^y, = iA,)\{C^r^ . (4.84) 
It follows from the F-term constraints that 

TrG'2 = (G2)^ = . (4.85) 
Thus, G2 transforms in the adjoint representation of the global symmetry SU{3). Note that 



this is in agreement with (4.59) 



Order t^. The generators at order can be written as 



Note that the operator 



iG,y, = iA,)\{T,r(T[rtic,Y 



(4.86) 



(4.87) 



is related to (^4)%- by the formula 



Ga -\- Ga 



-G\ . 



(4. 



Using the first relation in (4.79) and the fact that Tr(Ti ■ T[) = (as Ti ■ T[ is nilpotent), 



we can derive, in a similar way to ( |4.17[ ), that 

TrG4 = {A,)\{G,)\{C,)\{A,)\ 

= -{A,)\{G,)\ [{A,)\{C,f^ + {T,)\.^{T[ri\ 

= -{A,)\{G,)\{T,)\^{T[ri 

= [{C{)%{A,y, + {T,)\{T[ti] {T.yjTin 

= {CinAiy,{T,)\^{nri 

= TrG4 . 



Thus, we have 



TrG'^ + 2TrG4 = 



(4.89) 



(4.90) 



Therefore, the trace of the generator G4 is fixed by that of G"^- Note that this relation is in 



agreement with (4.60). 



Order 



The relation at order 6 can be written as 

TrG^ ^3Tr(G2 -^4) = . 



Observe that this relation coincides with (4.61) after setting Gq 
generator Gq in this theory). 



(4.91) 

(since there is no 
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Order t^. The relation at order 8 can be written as 



4Tr(G^ ■ G^) +2Tt{GI) + Tr(G^) = 



(4.92) 



Observe that this relation coincides with (4.62) after setting Ge = Gg = (since there is no 
generator Gq and Gs in this theory). 

Other relations which are not independent from above can be computed. For example, 



Tr(G^) -2(TrG4)^ = . 

Order t^". The relation at order 10 can be written as 

Tr(G^) + 5 Tr(G'^ ■ ^4) + 5 Tr(G2 ■ G^) = . 



(4.93) 



(4.94) 



Observe that this relation is in agreement with (4.63) when ^6 = ^8 = Gio = (this is 



because the generators Gq, Gg and Gio do not exist in this theory). 

Other relations which are not independent from the one above can be computed. For 
example, 



Tr(G^ G4) + 2 Tr(G'2 • G^) = 



(4.95) 



Order t . The relation at order 12 can be written as 



det Ga 



. 



(4.96) 



Other relations which are not independent from the one above can be computed. For 
example, 

= 6 Tr(G^ -GD + G Tr(G'^ ■ G4) + 3 Tr [{G2 ■ G^f] + 3 Tr(G^) 

+2Tr(G^) + Tr(G'^) . (4.97) 



Observe that this relation is in agreement with (4.64) when we set Gq = Gg = Gio = Gu = 



(this is because the generators Gq, Gg, Gio and Gu do not exist in this theory). 



We derive the relations (4.91 )-(4.96 ) in Appendix B.6 Relation (4.97) can be derived 



in a similar way to the others. 



4.5 General case: (k) — {2k) 



[nk — k) — [nk] 



Let us now consider the (k) — {2k) — ■ ■ ■ — {nk — k) — [nk] theory for general k > 1. This 
theory can be identified with T"p{SU {nk)) , where 



O" 



:i,...,ii 



p = {k,...,k) 



(4.98) 



nk one's 



n k's 
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Note that the total number of boxes is nk. Let us compute the dimension of the moduh 
space. The quaternionic dimension of the Higgs branch of this theory is 

n— 1 n—l 

dimn iiiggS(ky(^2ky...-.(nk-k)-[nk] = ^'^Yl + 1) - A;^ ^ 

m=l m=l 

= ^n{n - . (4.99) 
The quaternionic dimension of the Coulomb branch of this theory is 

n— 1 ^ 

dimn mggs^ky(^2k)—-{nk-ky[nk] = A; ^ m = -n{n - l)k . (4.100) 

m=l 

The Coulomb branch of the (A;) — (2k) — ■ ■ ■ — (nk — k) — [nk] theory can also be identified 
with the moduli space of SU{n) magnetic monopoles in the presence of nk fixed monopoles. 
Among these SU{n) monopoles, mk of them (with 1 < m < n — 1) carry magnetic charge 
am, where 

ai = (1,-1,0,..., 0), as = (0,1, -1,0,..., 0), a,_i = (0, . . . , 0, 1, -1) . 

The mirror theory 




n 



Figure 32: The mirror of the (k) — (2k) — ■ ■ ■ — (nk — k) — [nk] theory 



The mirror of the (k) — (2k) — ■ ■ ■ — (nk — k) — [nk] theory is depicted in Figure 32 , This 
theory can be identified with TP^(SU(n)), where the partitions a and p are defined as in 
( |4:98| . 

One can compute the dimension of the moduli space from the quiver diagram. The 
quaternionic dimension of the Higgs branch of this theory is 

fc-i 

dimn HiggSj^i^^, = n(n - l)k + (n - 1)^ ^(k - i + l)(k - i) 

i=l 

(n-l)fc~l 

+ [(n-l)k-i + l][(n-l)k-i] 

i=l 
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(n-l)fc (n-l)fc 
i=l i=l 

= ^n{n-l)k. (4.101) 
The quaternionic dimension of the Coulomb branch this theory is 

{n~l)k {n~l)k 

dime Coulombmirror = ^ [{n - l)k - i + 1] + ^ [{n-lY{k-i)] 

i=l 1=1 

= ^n{n-l)k^ . (4.102) 

The results are in agreement with the exchange of the Coulomb and Higgs branches of the 
theory and its mirror predicted by mirror symmetry. 

4.5.1 The Coulomb branch of the (k) — (2k) — ■ ■ ■ — (nk — k) — [nk] theory 

In this section, we compute the Hilbert series of the Coulomb branch of the (k) — (2A;) — 
• • ■ — {nk — k) — [nk] theory. We make use of mirror symmetry and compute this from the 
Higgs branch of the mirror theory. 

Let X be a fugacity for the SU{2) C U{2) global symmetry in the quiver diagram 
Figure [26} The Hilbert series of the Higgs branch of the mirror of the (k) — {2k) — ■■ ■ — [nk — 
k) — [nk] theory (or, equivalently, the Coulomb branch of the (fc) — {2k) — ■■ ■ — {nk — k) — [nk] 
theory) is given by 



nk 

tC 



H(k)-(2k) (nfc-fc)-[nA:](^5 ■ • • ^^n-l) — PE 



k 

[l,0,...,0,l]5C7H5^t'^ 



n (1-^'^)- 

p=l J q=k+l 

(4.103) 



The Hilbert series indicates that the Coulomb branch of the {k) — {2k) — — {nk — k) — [nk] 
theory is indeed a complete intersection. There are — 1 generators at each of the foUwing 
order: t^, t^, . . . , t^'^, and one generator at each of the following order: ^^(fc+i)^ _ _ ^ ^2nfc_ ^hese 
altogether give {n"^ — l)k — {nk — k) = ri^k — nk = n{n — l)k complex dimensional space - 



in agreement with (4.101). 



Generators and relations of the Coulomb branch of the {k) — {2k) — - ■ ■ — {nk—k) — [nk] 
theory 

The generators. Let us fix k. The generators at order t'^^ (with 1 < p < k) can be 
written as 

p p 

G2p=n^-n^« • (4.104) 

r=l s=l 
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n-l 




Figure 33: The quiver diagram of the mirror of the {k) — {2k) — ■ ■ ■ — {nk — k) — [nk] theory, 
with the bi-fundamental chiral multiplets labelled. Note that A's denote the chiral fields in 
the anti-clockwise direction, C"s denote the chiral fields in the clockwise direction. 



For p = 1, the operator G2 is traceless: 



Tr G2 = 



(4.105) 



It should be noted that the relation Tr Gg™^^ = for m > 1 does not hold for the theories 
with n > 3, since G2 is not a 2 x 2 matrix even though TrG2 = 0. 

For 1 < p < k, the trace of G2p is fixed by a relation consisting of operators of lower 
orders. For example, given a k such that 1 < < 6, we find that the traces Tr G2p satisfy the 
relations (4.59)-(4.64). In general, the formula for TrG'2p (with 1 < p < A;) is conjectured 
to be Kq^. 



The relations. As can be seen from the Hilbert series, there is one relation at each of 
order t^'^ with g = /c + 1, . . . , nk. One can obtain these relations from (4.65 ) by setting G2p 
with p > + 1 to zero (since there is no generator G2p with p> k + 1). Such a relation at 
order t^'^ (with k + 1 < q < nk) are therefore given by (4.66). 
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A Proof of Hilbert series (3.4) 



This can be proven by induction. For n = 2, formula (3.4) becomes 



if(i)_[2](t,a;i) = (l-t^)PE[[2].,t2] ; 



(A.l) 



this is the Hilbert series of C^/Z2, or equivalently the moduli space of 1 SU{2) instanton on 
(neglecting the translational degrees of freedom) - this is in agreement with the result 
in [12]. Now suppose that formula (3.4) holds for n = k. We shall derive the expression 



for n = k + 1 using the gluing technique. Note that the Hilbert series for the [k] — [k + 1] 
theory is 



H[k]-[k+i]it, qx,xi, . . . qy,yi, ■ ■ ■ ,yk) 

PE [1,0,..., 0]{.o[0, . . . , 0, l]{y,}^t + [0, . . . , 0, 0, . . . , 0]{y,y% 



(A.2) 



where is the fugacity of U{1) C U{k), xi, . . . , Xk-i are the fugacities of SU{k) C U{k), qy 
is the fugacity of U{1) C U{k + 1), and yi, . . . ,yk are the fugacities of SU (k + l) C U{k + 1). 
The gluing factor is given by 



ifglue(t, Xi, . . . , Xk-l) 



1 



PE [(l + [l,0,...,0,l]|,j)t2] 

PE [[l,0,...,0,l]|,jt2] ■ 
(k) — [A; + 1] is therefore 



(A.3) 



The Hilbert series for (1) — (2) — ■ ■ 

= j ^fJ-u{k)iQx,xi, . . . ,Xk-i) x- 

H(i)-{2) [k]{t: xi,. . . , Xk^i)Hgiy^c{t,xi, . . . qx,xi, . . . , Xk-i,qy,yi, ■ ■ ■ ,yk) 

X , Xl , . . . , Xk^l )H[k]-[k+i]{t,qx,xi, . . . ,Xk-i,qy,yi,. ■ .,yk) 



9=1 



1 _ t2(fc+i)\ PE [(1 + [1, 0, . . . , 0, l]su(k-,i))t^] X - 



9=1 



fc+1 



= PE [[1, 0, . . . , 0, l]suik+i)t'] n (1 - ' 

q=2 

as required. Note that in the third equality we have used the fact that 



X, Xl, . . . , Xk—l )H[k]-[k+i]{t,qx,Xi, . . . ,Xk-i,qy,yi, 
(I_t2(.+1))PE[(1 + [1,0,...,0,1]5^(.+I))t^] . 



(A.4) 



• Vk) 



(A.5) 
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This formula can be seen by consider the free theory [k] — [/c + 1] and count all operators 
which are invariant under U{k). Let q\ and g^^' be the bi-fundamental chiral multiplets in 
the free theory [k] — [A; + 1], where a = 1, . . . , k and i = 1, . . . , k + 1. It is clear that the 
generators of the U{k) invariant operators are M*^- := q^a^°'j. Observe that M transforms 
under the adjoint representation of U{k), or equivalently 1 + [1, 0, . . . , 0, 1] of SU{k + 1). 
The operator M satisfies the relation 

detM = ^ ^J ^'^-'^+^e^e i' M''] . . . M''';+^ 

= 0, (A.6) 

where we have used the fact that the epsilon symbol ^i'^i'^.-.i',^^^ induces the anti-symmetrisation 
over the indices ai, . . . , a^+i and yields zero since ai, . . . , a^+i run over 1, . . . , fc, i.e. 

B Derivation of the relations 

In this appendix, we derive the relations discussed in the main text. 

B.l The relations for the mirror of the (1) — (2) — [4] theory 

Let us focus on the mirror of the (1) — (2) — [4] theory. Before we proceed, let us define the 
following shorthand notation: 

{v,r^ := {A,r^{c,r^ , {v^r^ ■.= {c.nA,)^ , {v,rp ■.= t-t^ . (b.i) 



Then, from the second F-terms in (3.23), 



Vi = V2 + Vs. (B.2) 

Below we write various gauge invariant operators in terms of V2 and V3. Using matrix 
properties of V2 and V3, the relations can be derived in a straightforward way. 

Traces. It is easy to check that Tr(P^) = (TrPa)"" for all m > 1. Note also that V3 is 
nilpotent due to the third F-term in ( |3.23[ ) and the lemma in Footenote |5} Therefore, we 



have Vl = for all A; > 2 and Tr(P^) = for all m > 1. Using ( |3.23[ ), we obtain 

Tr M = - Tr(Pi) = - Tr(p2 + V3) =- Tr(p2) , 

Tr(M2) = Tr(p2) = Tr[(P2 + ^3)'] = Tr(P|) + 2 Tr(P2^3) , 

Tr(M3) =-Tr(Pf) = - Tr[(P2 + ^s)'] = - Tr(P|) - 3 Tr(P3^|) , ^ ' 

Tr(M4) = TT{Vf) = Tr[(P2 + ^3)^ = Tr(P|) + 4 TiiVsVl) + 2 Tr[(P2^3)'] ■ 
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Therefore, we see that 

(TrM)(TrM2) = - Tr(P2) [Tr(P|) + 2 Tr(P2P3)] = - Tr(P|) - 2 Tr(P3^|) 

(Tr M) (Tr M^) = Tr (P2) [Tr + 3 Tr (P3PI)] = Tr (P|) + 3 Tr (P3PI) . ^ ' ^ 

Determinants. Furthermore, applying the Cayley-Hamilton theorem to M, we see that 

detM = ^ [(TrM)2 - (TrM^)] 

= i [(TrP2)'-Tr(p2)-2Tr(P2P3)] = -Tr(P2P3) . (B.5) 

Thus, we obtain 

(TrM)(detM) = {-TtV2)[-Tv{V2Vs)] =Ti{V-iVl) , 

(detM)2 =[_Tr(P2P3)]' = TV[(P27'3)'] , (B.6) 

(Tr M2)(det M) = [T¥(P|) + 2 Tr(p2p3)] [- Tr(p2p3)] = - Tr(p37^|) - 2 T¥[(P27'3)^] • 



Products of L, M and _R. We also have 

LiR' = - Tr (PsT^f ) = - Tr [V2 {V2 + P3)'] = - T\^(7^|) - 2 TY(p37^|) > 

LiM^iZ^' = TV(7'27^f ) = TV[P2(7^2 + ^^3)^] = TV(7'|) + 3 Tr(p37^2 ) + Tr[(7'27^3)^] • 



Relations. Using (B.3) and (B.6), we arrive at relation (3.26) at order t^, i.e. 

UK = (TrM)(TrM2) 

= Tr(M=^) + (TrM)(detM) 
= (TrM)3-2(TrM)(detM) . 



as required. Similarly, we have relation (3.27) at order t , i.e 



(TrM)(TrM=^) + (det Mf 

Tr(M^) + Tr(M2)(det M) + (detM)^ 



(B.8) 
(B.9) 
(B.IO) 



(B.ll) 
(B.12) 



B.2 The relations for the mirror of the (1) — (2) — [5] theory 

Let us define 

{v,Y^ := {A^Y^{c,)\ , {V2Y.:={c,Y{A,Y , {v,Yu ■■= T^K . (b.ib) 



Then, from the second F-terms in (3.37), 



Vi=V2+V3. 



(B.14) 
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Traces and determinants. It is easy to clieck tliat (B.3), (B.4), (B.5) and (B.6) still 
hold. Therefore, 

Tr = Tt{V^) + 4 TiiV^V'^) + 2 Tr[(p27^3)^] , 

(Tr M) (Tr M^) = Tr (Pa^) + 3 TiiPsV^) , 



(det Mf 



We also have 



TrM^ = TiiV^) + ATiiVsVl) + 2Tt[{V2V3) 



Tr(P|) - 5Tr(P3p2^) - 5 Tr[P2(P27^3 



Products of L, M and R. In this theory, we have 



-Tt{V2V!) 

TT(V2Vt) 



- Tr(P|) - 3 Tr(P3^|) - Tr[(P2^3)'] , 
Tr(P|) + 4 TiiVsV^) + 3 Tr[P2(P2P3)'] 



(B.15) 



(B.16) 



(B.17) 



Relations. Therefore, the relation at order can be written as 

LiR' = - [(TrM)(TrM2) + (detM)2] . (B.18) 
The relation at order can be written as 

LiM'jR^ = -(TrM) [(TrM^) + (detM)^] . (B.19) 
Using (B.3), (B.4), (B.5), (B.6) and ( B.16[ ), we find that these relations can also be 



rewritten as, e.g. 



LiM'^R^ 



[Tr(M^) + Tr(M2)(det M) + (det Mf] , 
[Tr(M^) + Tr(M2)(det M) + (Tr M)(det Mf] . 



(B.20) 



B.3 The relations for the mirror of the (1) — (2) — (3) — [5] theory 

Let us define the following shorthand notation: 

{v^Tp := {A2r,{C2r^ , {V2rf, ■.= {CsnAs)^ , {v.r^ ■.= {T.r.inr^ . (B.21) 



Then, from the second F-terms in (3.51) 



Vi = V2 + r3. (B.22) 
Note that Tr(P™) = (TrP2)™' for all m > 1. Furthermore, the 3x3 matrix V3 is nilpotent 



due to the third F-term in (3.51 ) and the lemma in Footenotejs] Therefore, we have Vl^ = 
for all A; > 3 and Tr(P™) = for all m > 1. 

Below we write various gauge invariant operators in terms of V2 and V3. For example, 

TrM = -Tr(p2) , 

TrM^ = Tt{V'^) = Tt{P^) + 2T:t{V2V3) . (B.23) 
Using properties of V2 and Vs, the relations can be derived in a straightforward way. 
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The relation at order t*^. Observe that 

Tr(M=') = - liiVl) = - Tt{VI) - 3 Tr(p2^|) - 3 TiiVsVi) , (B.24) 

LiR' = - TT{V2Vi f = - TiiVi) - Tr(P2P|) - 2 T^{VzVl) , (B.25) 

(TrM)(TrM2) = - Tr(P|) - 2 Tr(P3p2) . (B.26) 

For the determinant of the 3x3 matrix M, we use the following identity: 

det M = ^ [(Tr Mf + 2 Tt{M^) - 3(Tr M) Tr{M^)] . (B.27) 
Substituting the above traces into this identity, we obtain 

det M = - Tr(V2Vi) . (B.28) 

Thus, it is immediate that 

LiR = (TrM)(TrM2) + detM . (B.29) 

The relation at order t^. Observe that 

Tr(M^) = Ti{Vt) = Tt{vI) + 4 Tr(7'|p|) + 4 Tr(p3p|) + 2 Tr [(Ps^^s)^] , (B.30) 

LiM\W = Tv{V2Vf) = Tt(VI) + 2 Tr(p|p|) + 3 Tr(p3p|) + Tr[(p2:P3)^] , (B.31) 

(TrM)2(TrM2) = Tr(-p|) + 2 Tr(-P3-p|) . (B.32) 

Therefore, we see that 

LiM'^W = \ [Tr(M^) + (TrM)2(TrM2)] . (B.33) 

The relation at order t^^ . Observe that 
Tr = - Tr(7'i^) 

= - Tr(P|) - 5 Tr(p3p2') - 5 Tr(P|p|) - 5 Tr[p3(p2^3)'] - 5 Tr[p2(P3P2)'], (B.34) 

= -Tr(P|) - 4Tr(P3P24) - 3Tr(P|P|) - 2 Tr[P3(P2^3)2] - 3 Tr[P2(P3^2)']. (B.35) 
Note also that 

(TrM)MetM = -Tr{ViVl), (B.36) 

(TrM)2(TrM^) = - Tr(7'|) - 3Tr(7'37'2) - 3Tr(:P|:P|), (B.37) 

(TrM2)(TrM=^) = -Tr(7'2)^ - 5Tr(7'37'2^) - 9Tr(7'|p|) - 6Tr[7'3(7'27'3)'], (B.38) 

(TrM)=^(TrM2) = - Tr(7'|) - 2 Tr(7'37'|) . (B.39) 

Therefore, 

LiM'jM\R'' = Tr(M^) - (TrM)(TrM^) + - [5(TrM)2 - (TrM^)] (TrM^) 

-(Tr M)^(Tr M^) - (Tr M)2(det M) . (B.40) 
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B.4 The relations for the mirror of the (2) — [4] theory 

Let us focus on the mirror of the (2) — [4] theory. The relations discussed in the main 
text can be derived in a similar way as the previous section, namely by writing various 
gauge invariant quantities in terms of matrices appearing the F-terms (which we previously 
called P's) - some of which are nilpotent. However, in this section, we present a different 
method in obtaining those relation. In particular, we apply various matrix identities [e.g., 
the Cayley-Hamilton theorem) to the generators. Although this method works well in this 
section, it becomes very cumbersome as the ranks of the groups in the theory increase. 



The relation ( |4.19 ). Consider 

Using the F-term relation ( 4.8[ ), we find that 

iCi)MA,)\ = -{A,nC,)a-TX- 



Substituting this into (B.41) and applying (4.9), we find that 



Tr(G2-G4) = -iC,r^{A^yM2nC,),T''T^ 

= [{A2nC2)c + T-T'^] {A2nC2)dTX 
= 0, 



as required. 



(B.41) 



(B.42) 



(B.43) 



The relation (4.20). Consider 

detG4 = le^'''e,,,,{G,)\{G,: 



2 
1 



J2 
«2 



'^^^e,,,, [{A.yiiA^ncMCiA] [{A^yiiA^ncMCiA] ■ (B.44) 



Now consider the factor ej^j^{Aiyi^{Aiyi. The epsilon symbol ej^jj imposes the anti-symmetrisation 
on the indices a, c. The contraction of such a factor with {A2y{A2y therefore yields zero. 
Hence the determinant det G4 vanishes, as required. 



The relations (4.21). First of all, the characteristic equation for 6*4 is = — 

(TrG'4)A + {detGijl = — (TrG4)A. Using the Cayley-Hamilton theorem, we find that 
Gl — (Tr G4)G'4 = 0. Taking the trace of both sides, we obtain 



Tr(G^) = (TrG4 



(B.45) 



as stated in (4.21 ). 
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The relations (4.22). Now we would like to show that 

= Tr(G'2.G'4) + (TrG4)^ . 



(B.46) 



Applying the Cayley-Hamilton theorem to G2 and noting that Tr G2 = 0, we have G| + 
(det 02)1 = 0. Then, multiplying G4 on the right to both sides, we have 



GlGi + (det ^2)^4 = 



(B.47) 



Taking trace of both sides and recalling that det G2 = — \ Tr(G'2) = Tr G4, we obtain (B.46) 
as required. 



The relation (4.23). Now applying the Cayley-Hamilton theorem to the matrix G\, we 
find that G\ — (Tr G'^)G\ + (det 6^2)^1 = 0. Taking the trace of both sides and using the 
relations which have been established, we obtain 



TrG^ 



(TrG^)'-2(det G2) 



4(TrG'4 



4(TrG4)^-2(TrG4)^ 
2(TrG'4)^ . 



(B.48) 



Using (4.22), we arrive at (4.23), as required. 



B.5 The relations for the mirror of the (3) — [6] theory 

Let us focus on the mirror of the (3) — [6] theory. Before we proceed, let us defined the 
following shorthand notation: 



{Vr)\ := {C,)%{A,)\ , {V2)\ := {A2)\{G2)t , {V,)\ := {T,)\,^{T[) , . 



(B.49) 



The first F-term constraints in (4.31) imply that 

Vi = -V2 - Vs . (B.50) 
Recall that the 3x3 matrices V2 and V3 are nilpotent, i.e. V2 = and P| = for all /c > 3. 



The relation ( |4.38[ ). Observe that 

Tr(p2)=Tr[(P2 + P3)'] 



TrG^ 
TrG'4 



Since V2 = ^ and "Pf = for all > 3, we also have Tr(P2 
Thus, we obtain 



Tr(P2Pi) = -Tr[P2(P2 + P3)] • 

= Tr(P; 



(B.51) 
for all m > 1. 



TrG^ 



2Tr(P2P3) 
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Tr(P2P3) . 



(B.52) 



Therefore, we see that 



as required. 



TrG^ + 2TrG4 = , 



(B.53) 



The relation (4.40). Observe that 



TrG^ 



.2 - Tr(p3) = Tr[(P2 + P3)'] , 
Tr(G2-G4) = TT{V',V2)=Tr[{V2 + V3yV2\ , 
Tr Ge = Ti{VlVi) = - Ti[Vl{V2 + P3)] • 



Since V2 and V^, are nilpotent, we have Tr('P|) = Tr(P3 



(B.54) 

for all /c > 1. Thus, we obtain 



TrG^ 



Tr(G2 ■ G4) 
TrGfi 



-3 Ti{V2Vl) - 3 TiiVsVl) , 
TT(V2Vl) + 2TT(V3Vi) , 
-Ti{V2Vl) . 



Therefore, we have 



2TrG^ + 3Tr(G2-G4)-3TrG'6 = . 



From (4.35), we have TrG^ = and so 

TrG6 = Tr(G2-G4) . 



(B.55) 



(B.56) 



(B.57) 



The relations (4.41 ), (4.42 ) and (4.43). We proceed in the same way as before. Using 
( |B.50[ ) and the fact that V!^ = p| = for all > 3 and Ti{V^) = Tt(V^) = for all 
m > 1, we obtain 



TrGt 

Ti{Gl-Gi) -- 
TT{G2-Ge) -- 

Thus, it is easy to see that 

= 
= 



Tr{VfV2) 
Tr[(PiP2)'] 



4Tr(P|P|) + 2Tr[(P2P3) 
-2Tr(P|P|)-Tr[(P2P3) 

TAiV2Vsf] . 



TrG^ + 2Tr(G2 .G4) , 

Tr(G2 ■ G4) + 2 Tr(G2 • Gq) + Tr(G^ 



(B.58) 
(B.59) 



Thus, we obtain (4.41) and (4.42) as required. To derive ( |4.43[ ), we simply use ( 4.42[ ) with 
(|Bl8|. 
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The relations (4.44) and (4.45). Using (B.50) and tlie fact tliat P| = p| = for all 



/c > 3 and Tr(p2™) = Tr(P^") = for all m > 1, we obtain 



TrG^ 

Tr(G3 . G4) 



Tr(G2-Gl) = 
Tr(G4-G'6) = 

Then, it follows that 



Tr[(PiP2)'Pi] = 
Tr(P2PiP|^i) = Tr(P3P2P3^|; 



-5Tr(P2P3P2P|) - 5TT(V3V2V3Vi) 

-Tr(P3^2P3^|) , 

-Tr(P2P3P2P|) -2Tr(P3^2P3P|) , 









Tr + 5 Tr(G^ • G4) + 5 Tr(G2 ■ Gj) , 
2 Tr + 5 Tr(G^ ■ G4) + 5 Tr(G^ • Gg) , 
5 Tr(G2 ■ G^) + 5 Tr(G^ ■ Gg) + 5 Tr(G4 ■ Gg 



5Tr(G^G4) + Tr(G^) . (B.60) 



Using the fact that Tr(G^) = 0, we arrive that (4.44) and (4.45). 



The relation (4.46). This can be derived in a similar way as (4.20). Observe that det Gg 
contains the following factor: 



euiA,)\{A,)UA2)\M2r'a'i^^ri^^ 



(B.61) 



The epsilon tensor imposes an anti-symmetrisation on the indices i, i' and hence a, a' and 
hence 02,02. Since the anti-symmetrisation (A^Y'^^ (A^)"'''^^ yields zero, it follows that the 
determinant det Gq is zero. 



B.6 The relations for the mirror of the (2) — (4) — [6] theory 

Let us focus on the mirror of the (2) — (4) — [6] theory. Before we proceed, let us defined 
the following shorthand notation: 



\ := {A2r^iG,''^ 



2)b ) 



The second F-term constraints in (4.79) imply that 

Vi = -V2 - V3 . 



(B.62) 



(B.63) 



Recall that the 4x4 matrices V2 and V3 are nilpotent - their Jordan normal forms are 



respectively given by (4.83) and (4.82). 
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The relation (4.91). The trace Tr(G2 • ^4) can be written as 

Tr(G2 • Ga) = Ti{ViV2Vi) . 



Substituting (B.63) into it, we find that 

Tr(G2-G4) = Tr [(P2 + ^3)'^2] • 



(B.64) 



(B.65) 



Observe that this expression involves only nilpotent matrices. Similarly, we can rewrite 
Tr(G'l) as 



Tr(G'^) = liiVl) = - Tr [{V2 + P3)'] 



(B.66) 



From (4.83), it is clear that P| = for all A; > 2 (note that this this true with respect 
to any basis, not just for the basis in which V2 takes its Jordan normal form). Since is 



nilpotent, we have Tr('P3) = for all k>l. Then, from (B.65), we have 



Tr(G2 ■ G,) = Tr(P2P|) 



and, from (B.66), we also find that 



Therefore, we find that 



Tr(G'^) = -3Tr(p2^|) 



TrG^ + 3Tr(G'2 ■G4) = . 



The relation (4.92). We write the trace of G\ ■ G4 as 

Tr(G^G4) = Tr(p2p2) = Tr [{V2 + P3)'^2] 
and similarly we have 

Tr(G') : 



(B.67) 



(B.68) 



(B.69) 



(B.70) 



Tr(G'^ 



Tr(P2PiP2Pi) = Tr [{^2(^2 + P3)}'] 
Tr(Pf) = Tr[(P2 + ^3)1 • 



(B.71) 



From (4.83), it is clear that V2 = for all /c > 2 (note that this this true with respect 
to any basis, not just for the basis in which V2 takes its Jordan normal form). Since V3 is 
nilpotent, we have Tr('P|) = for all A; > 1. Thus, we have 



Tr(G^) = 4Tr(P2P|) + 2Tr [(P2P3)'] 

Tr(G'^G'4) = -Tr(P2P|)-Tr [(P2P3)'] 

Tr{Gl) = Tr[(P2P3)'] • 

Therefore, it is easy to see that 



(B.72) 



Tr(G'^) + 4 Tr(G^ ■ G4) + 2 Tr(G'^) = . 



(B.73) 
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The relation (4.93). Let Ai, A2, A3 be the eigenvalues of ^2- Then, by direct expansion, 



one can easily verify that 



(B.74) 



i=l 



where 62 is the 2nd order elementary symmetric polynomial: 

62 := ^i^j ■ 

l<«<j<3 



(B.75) 



Recalling that Tr G2 = 0, we can rewrite this as 

= [Tr(G2)]' = Tt{GI) + 2e2 . (B.76) 
The Newton identity tells us that 62 appears in the characteristic equation of G2: 



= det(t/-G2) = t^- (TrG2)t^ + e2t- (detGa) 
= + e2t - (det G2) . 



(B.77) 



Applying the Cayley-Hamilton theorem to G2, we find that 

= 6*^ + 62^2 - (det ^2)1 . (B.78) 
Multiplying by G2 and taking the trace of both sides (with Tr G2 = 0), we obtain 



e2Tr(G'^) = - Tr(G^ 



Substituting 62 into (B.76), we find that 

0= [Tr(G^)]'-2Tr(G^) . 



Using the relation (4.90), we have 

TrG^-2[Tr(G4)]^ = . 



(B.79) 



(B.80) 



(B.81) 



The relations (4.94) and (4.95). The trace Tr(G'2 ■ Gi) can be written as 



Tr(G'2-G^) = Ti{ViP2ViV2Vi] 



- Tr [{V2 + V^)V2{V2 + V^)P2{V2 + P3)] 



Similarly, we can write 



Tr(G^) = TiiVl) = - Tr [{V2 + P3)'] 



(B.82) 



(B.83) 
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and 



Tt{GI ■ G4) = Tt{V!V2Vi] 



(B.84) 



From (4.83), it is clear that V2 = for all > 2 (note that this this true with respect 
to any basis, not just for the basis in which V2 takes its Jordan normal form). Since V3 is 



nilpotent, P| = 0. Then, from (B.82), we have 



Tr(G2 • Gl 



3) ' 



from (B.83), we also find that 



Tr(G'^) = -5Tr(7'27'3P2P|) 



and, from (B.84), we obtain 



Tt{GI ■ G4) = 2Tt{V2V3V2VI) . 



Therefore, we find that 



= Tr(G'^) + 5Tr(G'^G4) + 5Tr(G'2-G': 
= 2Tr(G'2■G^) + Tr(G^G4) • 



4J ' 



(B.85) 



(B.86) 



(B.87) 



(B. 



The relation (4.96). The derivation is similar to that of the (2) — [4] theory. 

detG4 = :^e''-'^'''^ej^j2j:i{G4yi^{G4)\{G4,)\ 

nnjs [iA^yl{A2)\{C2n{C^)\] \{A,yi{A2r^iC2)',{C,r., 
\A,re{A2)%{C2Vf{C,y,^ 



1 , 

3! 
1 

3! 



(B.89) 



Consider the factor ej^j2j3(^i)"'a(^i)"'c(^i)"'e- We see that the epsilon tensor ej^j^j.^ imposes 
the totally anti-symmetrisation on the indices a, c, e. The contraction of such a factor with 
{A2Yai.A2Y ii{A2Y^ yields zero, because the indices a,/3,7 run from 1 to 2. Thus, we have 
det ^4 = 0. 



C The Hilbert series of Higgs branches of certain the- 
ories 

In this section, we focus on Higgs branches of certain theories where the Hilbert series can 
be written in terms of character expansions. 
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C.l The Higgs branch of the (1) — (2) — [3] theory 



As discussed in Section 3.1, the Higgs branch and Coulomb branch of the (1) — (2) — [3] 



theory are identical. From (3.4), the Hilbert series of the Higgs/Coulomb branch of the 
(1) — (2) — [3] theory can be written in terms of SU{3) representations as 



H^l)-i2)-l3]{t,Xi,X2) = (1 -t^)PE[[l,l]t^ 

oo 

ni,n2=0 

oo 



(C.l) 



(^[rii + 712 + 3/7,3 + 3, ni + 712] + [rii + n2, rii + n2 + Sus + 3]jt 

?ii,n2,n3=0 

Setting xi = X2 = 1, we obtain the unrefined Hilbert series 



2ni +4n2+6?i3+6 



^^(l)-(2)-[3](t) 



(C.2) 



This indicates that the Higgs/Coulomb branch is a 6 complex dimensional complete inter- 



section; this is in agreement with (3.2) 



C.2 The Higgs branch of the (1) - (2) - [4] theory 

The Hilbert series of the Higgs branch of the (1) — (2) — [4] theory can be computed using 
the gluing technique: 



rrHiggs 
^(l)-{2)-[4] 



{t,Xi,X2,X3] 



Zi,Z2) X 

H[2y[i]{t,Zi,Z2,q,Xi,X2,X3) , (C.3) 

where {zi, Z2) are U{2) fugacities, (xi, X2, x^) are SU (4) C ?7(4) fugacities, and g is a U{1) C 



f/(4) fugacity. The Haar measure is given by (3.17), the Hilbert series if(i)_[2] is given by 



(3.21), and the Hilbert series -ff[2]-[4] is given by 

i7«'SS^(t,^l,Z2,g,Xi,X2,X3) = PE 



q\- + — ] + — + — |t+ 

Zl Z2J \ Xi X2, 

-{Zi + Z2)[— + — +X2]t 

q \Xi X2 



(C.4) 



This integral can be written in terms of SU (4) representations as 



H. 



Higgs / , N 

l)-(2)-[4] V ' "^1' ■^2) 3^3j — 

00 

^ [ni + na, 2n2, + n3]t2«i+4-2+4n3 + 



ni,n2,n3=0 



64 



(^[ni + ns, 2n2 + n4 + 1, ni + ^3 + 2?24 + 2] 

ni,n2,n,3,n4=0 

+ + ns + 2n4 + 2, 2n2 + + l,ni + ^3] V2ni+4n2+4n3+6n4+6 ^ (Q^g) 



Setting Xi = X2 = X3 = 1, we obtain the unrefined Hilbert series 
Higgs ... _ 1 + + 14t^ + Ut^ + 5t^ + 

^{l)-(2)-[4]W - (13^2)10 • ^^-"^^ 

This indicates that the Higgs branch is 10 complex dimensional; this is in agreement with 



(3.11) 



C.3 The Higgs branch of the (1) - (2) - [5] theory 

The Hilbert series of the Higgs branch of the (1) — (2) — [5] theory can be written in terms 
of SU{5) representations as 

-f^(l)?(2)_[5] ^1) ^2, 2:3, X4) = 

00 

+ n2, n2, n, + n3]t2«l+4n2+4n3 + 

ni,ra2,n.3=0 
00 

(^[rii + 77-3, n2 + n4 + 1, ^2, + 71,3 + 2^4 + 2] + 

[m + ns + 2n4 + 2, n2, n2 + n4 + 1, rii + n^^yn,+in,+4n,+6n,+6 7) 



ni,n2,n3,n4=0 



Setting xi = X2 = X3 = X4 = 1, we obtain the unrefined Hilbert series 

rHiggs 



-n(i)_(2)_[5]iij - - ^^ni ■ l^-^J 



l-t\ 

This indicates that the Higgs branch is 14 complex dimensional; this is in agreement with 



(3.31). 
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